reoMeTpuMecKHH noflxofl k CTa6njibHbiM 
roMOTonnMecKHM rpynnaM c4)ep.I. 
MHBapHaHT Xon4)a 

n.M.AxMeTbeB * 
nocB5iiii,aeTC5i naMHTH npocj). M.M.riocTHHKOBa 



AHHOTaii;Hii 

B pa6oTe passHBaeTCH reoMeTpHHecKHit no^xofl k CTa6HjiE.- 
HbiM roMOTonHHecKHM rpynnaM ccjjep, ocHOsannbiH na KoncTpyKi^nn 
IloHTpHrHHa-ToMa. B paMKax SToro noflxo^a nojiyneHO flOKasaTejit- 
CTBO TeopeMbi AflaMca 06 nnsapnaHTe Xoncjja ^jih Bcex pasMepno- 
CTeft, HCKjironaH 15,31. ^OKastiBaeTCH, hto npn n > 31 b CTa6HjibH0H 
roMOTonHHecKofi rpynne ccjjep ne cymecTsyeT sjieMenia c nnsa- 
pnanTOM Xoncjja 1. HoBoe flOKasaTejitCTBO ocnoBano na MCTOflax reo- 
MeTpHHecKoft TonojiorHH. HcnojitsyeTCH TeopeMa IloHTpHrHHa-ToMa 
B 4)opMe Yojijieca o npeflCTaBjiennH CTa6njibHbix roMOTonnHecKHx 
rpynn limfc_>_|_oo vrfc+n(5]'^(MP°°)) BemecTBennoro npocKTHBHoro 6ec- 
KoneHHOMepnoro npocTpancTBa (KOTopbie no TeopeMe Kana-HpHflfln 
snHMopcJjHO OTo6pajKaK)TCH na 2-KOMnoHeHTbi CTa6HjibHbix roMOTonn- 
necKHx rpynn c4)ep) KjiaccaMH Ko6opflH3Ma norpyHcennH (BOo6n],e ro- 
BopH, neopneHTHpyeMbix) n — l-Mepnbix MHoroo6pa3HH b KopasMepno- 
CTn 1. HnBapnaHT Xoncjaa Bbipaxcaeca xapaKTepncTnnecKnM KjiaccoM 
n — 1-MepHoro MHoroo6pa3HH flsyKpaTHbix tohck caMonepecenenHH 
norpyjKennoro n-Mepnoro Mnoroo6pa3HH, npeflCTaBjiHiomero sa^an- 
HbiH sjieMCHT B CTa6HjibnoH roMOTonnnecKOH rpynne n„. 



BBe^enne 

HycTb TTn+miS"^) - roMOTonH^ecKHG rpynnbi c4)ep. Hpn ycjiOBHH m > n + 2 
3Ta rpynna ne saBHCHT ot m h oSoaHanaeTCfl n„. Ona HasBiBaeTCH CTaSnjib- 
HOH roMOTonHHecKOH rpynnoH c^ep b pasMepnocTH n. HpoSjieivia bmhhc- 
jieHHa CTaSnjibHbix roMOTonHnecKHX rpynn aBJiaeTca o^Hoii h3 ocHOBHbix 

*Pa6oTa aBTopa noflflep»ceHa rpanTaMH INTAS 00-0259, POOH 08-01-00663-a. 
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HepemeHHbix npoSjieM b TonojiornH. 3Ta npo6jieMa nivieeT BajKHoe npHRjia^i;- 
Hoe 3HaHeHHe npn HsyHenHH npocTpancTBa BemecTBeHHbix 4)yHKii;HH (cm. [B], 
rji.3) H npH H3yHeHHH aa^aHH annpoKCHMan,HH OTo6pa>KeHHH BjiojKeHHaMH 
[Me2]. 

ripH BbiHHCJieHHH sjieMGHTOB CTaSnjibHOH TOMOTonH^ecKOH rpynnbi c4)ep 
HsynaiOT tg ajireSpaHHecKHe HHBapnaHTbi, onpe;i;ejieHHe KOTopbix ^aeTca 
cpaay ^Jia Bcex pasMepHOCTefi (hjih ^Jia HeKOTopoii 6ecK0HeHH0H nocjie^o- 
BaiejibHOCTH pasMepHOCTeii). TeM ne Menee, 3th HnBapnaHTbi, KaK npaBHjio, 

OKaSblBaiOTCfl TpHBHajIbHblMH H HB BbipOJKflaiOTCa JIHinb B HCKJIIOMHTejIbHblX 

cjiy^aax, no,T,po5Hee cm. [M]. 

OcHOBHbiM ajireSpannecKHM HKBapnaHTOM na roMOTonHHCCKHx rpynnax 
c(J)ep sBJiacTca CTa6HJibHbiH HHBapnaHT Xon(i)a, KOTopbifi npe^CTaBJiacT co- 

60H rOMOMOp4)H3M 

h : n2it_i ^ Z/2, 

H KOTopbiii HaabiBacTca TaKJKC HnBapnaHTOM CTHHpofla-Xon4)a, cm., nanpn- 
Mep, [M-T] no noBO^iy onpe^iejieima h ochobhmx cbohctb. CTa6HJibHbiH hh- 
BapnaiiT Xoncjja Hsy^iacTca b pa6oTe. 

/]|0Ka3aTe.rrbCTB0 cjie^yioinen TeopcMbi 6biJio nojiyneHO A;i;aMCOM b [A]. 

TeopeMa. AdaMc [A] 

Cma6ujibuuu UHoapuanm Xoncf)a h : n„ — * Z/2, n = 1 (mod 2), hbah- 
emcH mpueuaAbHUM mosda u moAbKO mosda, Kosda n 7^ 1, 3, 7. 

SaMenaHHe. TeopeMa A;i;aMca b npocTOM cjiynae n 7^ 2^ — 1 SbiJia flOKaaana 
AflCMOM [Ad]. Cjiynaii n = 15 SbiJi ^OKasan To^oh (cm. [M-T] rji.18). 

Bnocjie^CTBHH A^aMC h ATba npe^jioiKHJin ajibTepnaTHBHbiH no^xo^ k 
H3yHeHHio HHBapnaHTOB Xon(J)a, ocHOBannbiH na peayjibTaiax h3 A'-tcophh 
H na TeopcMC BoTTa o nepHO^HHHOCTH cm. [A- A]. B nocjie^yioinHx paSoTax 
3T0T noflxofl TaKJKC 6biji o6o6meH. HpocToe flOKaaaTCJibCTBO TeopcMbi A^aM- 
ca, 6jiH3Koe k flOKaaaTCJibCTBy AflaMca-AibH, 6bijio npefljiojKeno B.M.Byx- 
mTa6epoM b [B]. 

Onpe;i;ejTeHHe CTaSn.rrbiioro HiiBapnaiiTa Xon4)a nepe(|)opMyjTHpyeTca na 
asbiKC rpynn ko6op^h3mob norpyacenHbix MHorooSpaaHii. B ochobc SToro 
MCTOfla jiejKaT peayjibiaTbi paSoT [El, K2, K-Sl, K-S2, La]. CTa6HjibHbiH 
HHBapHaHT Xon4)a paBcn xapaKTepncTHMecKOMy MHCJiy MHoroo6pa3Ha flBy- 
KpaTHbix TOHCK caMonepeceHCHHa hcxo^hofo MHoroo6pa3Ha, npe^CTaBjiaio- 
mero sjiCMeiiT b hcxo;iiiom rpynne Ko6opflH3Ma norpy»ceimH. 3to, nanpHMep, 
aBHO c(i)opMyjiHpoBaHO B pa6oTe [El], JlcMMa 3.1. OopMyjinpoBKa yKa3aHH0H 
jiCMMbi CTaHflapTHbiM cnoco6oM nepcBOflHTca na a3biK TCopHH norpyjKeHHii 
npH noMomH KOHCTpyKn,HH HoHTparHHa-ToMa. 
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B cjiy^ae n ^ 3 (mod 4) ;i;oKa3aTejibCTBO Teopeivibi Aj^auca, ncnojibayio- 
mee TeopHK) norpyjKeHHH, 6biJio nojiyneHO A.CiOHeM b pa6oTe [Sz]. Cjie^y- 
lomnii no cjiojkhocth cjiyMaii (leopeMa AfleMa) B03HHKaeT npn n 7^ 2' — 1. 
TeopeMa A/i,aMca b stom cjiy^iae Stijra nepeflOKaaana reoMeipHMecKHMH Me- 
TOflaMH B coBMecTHoii paSoTe aBTopa c A. CroneM [A-Sz]. 

/^ajiee b pa6oTe BCK);i;y npe;i;nojiaraeTca, hto n = 2^ — 1. Ochobiiom peayjib- 
TaT HacToaineii pa6oTbi o6o6iii;aeT npe^bi^ymnii h coctoht b cjie^yiomeM. 

OcHOBHaa TeopeMa 

HycTb g : M~*^'^'^ S-^ R"- npoHSBOJiBHoe rjia^Koe norpyjKenHe aaMKnyToro, 
BOo6me roBopfl, HecBaanoro MHoroo6pa3Ha M, dim(M) = + 7, npn- 
HeM HopMajibHoe paccjioeHne i^{g) norpy»<;eHHa g h30mop4)ho cyMMe Yht- 
HH — 8) 3K3eMnjiapoB jiHHeiiHoro paccjioeHHa k na^ M, T.e. ulg) = 
— 8)k (b nacTHOCTH, Wi{M) = 0, nocKOJibKy KopaaiviepHOCTb noryjKe- 
HHa g Meraa h Wi{M) = — 8)wi{k,) = 0). Tor^a b npeflnojioJKenHH 

n > 63 (i.e. npn I > 6) cnpaBe^JinBO paBencTBO {wi{k)^^^^'^^; [M]) — 0, r^e 
Wi - nepBbiii xapaKTepHCTHHecKHii Kjiacc IIlTHc|)ejia-yHTHH. 



HoBoe B /lOKaaaTejibCTBe Ochobhoh TeopeMbi coctoht b npHMenenHH 
npHHii;Hna reoivieTpHHecKoro KOHTpojia, KOTopbiii nosBOJiacT b KJiacce ko- 
6op^H3Ma norpyjKeHHa naxo^HTb norpyjKeHne, y KOToporo no^MHoroo6pa- 
3He KpaTHbix TOHBK caMonepeceHeHHa HMeeT 6ojiee npocTyio CTpyKTypnyio 
rpynny HopMajibHoro paccjioenHa. HanoMHio, mto CTpyKTypnaa rpynna nop- 
MajTbHoro paccjiocHHa k MHoroo6pa3Hio KpaTHbix tohck caMOHepece^enHa 
OTBCHacT 3a nepecTaiiOBKv jthctob Hcxo^iioro MiiorooSpasHa h HSMeiieime 
BGKTopoB CKomeHHoro ocnameima npn oSxo^e no saMKnyTOMy nyxn na mho- 
roo6pa3HH KpaTHbix tohbk. 

HpH noMOin,H CTan^apTHbix paccyjKflenHii TeopHH norpyjKenHH h3 Oc- 
hobhoh TeopeMbi MOJKHO BbiBCCTH cjieflyioin,ee. 

OcHOBHoe Cjie^CTBHe 

HycTb g : A'/"~^ Sh> M" - npoH3BOJibHoe rjia;i;Koe norpy^Kenne aaMKHyToro 
MHoroo6pa3Ha M"^~^ (KOTopoe, BOoSine roBopa, opneHTHpyeMbiM h CBa3HbiM 
He npeflnojiaracTca). Tor^a b npe^nojiojKeHHH n = 2' — 1, n > 63 (T.e. npn 
I > 6), cnpaBeflJiHBO paBcncTBO (u'i(M)"~^; [M]) = 0. 
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SaMenaHHe. SKBHBajieHTHOCTb npeflbiflymero yTBepjKfleHHa h Teopeivibi 
A^aMca (npH I > 4) ^OKaaana b [El, La]. 

OTivieTHM, HTO B TonojiorHH cymecTByiOT Teopeivibi, 6jin3KHe no 4)opMyjiH- 
poBKe K TeopeMe A^aivica. Kax npaBHJio, 3th TeopeMbi aBJiaiOTca cjie^CTBna- 
MH TeopeMbi A^aMca. Hnor^a caMH 3th Teopeivibi MoryT 6biTb ^OKaaanbi ajib- 
TepnaTHEHbiMH H 6ojiee npocxbiMH MeTO,T,aMH. Kax saMenaeT C.n.HoBHKOB 
B oSaope [N], k TaKHM TeopeMaM OTHocHTca TeopeMa Miijinopa-BoTTa o tom, 
HTO KacaTejibHoe n-iviepnoe paccjioeHiie k CTaH;i;apTHOH c(|)epe 5" TpiiBiiajib- 
HO Tor^a H TOJibKO Tor^a, Kor^a n — 1,3, 7. 3to Teopeivia 6biJia OTKpbiTa b 
pa6oTe [B-M]. 3jieraHTHaa MOflHc|)HKaii;Ha H3BecTHoro ^OKaaaTejibCTBa 6biJia 
He^asHO nojiy^iena b [F]. 

OcTanoBiiMca na cxpyKType paSoTbi. B paa^ejie 1 nanoMiiHaiOTCH ochob- 
Hfaie onpeflejieniia h KOHCTpyKii,HH Teopim norpyjKeHiiii. PeayjibiaTbi SToro 
paa^ejia c|)opMajibHO aBJiaiOTca hobbimh, ho Jierxo nojiynaiOTca H3BecTHbiMH 
MeTOflaMH. B paa^ejie 2 OcHOBnaa Teopeivia nepec|)opMyjiHpoBaHa c ncnojib- 
aoBaniieM o6o3HaMeHHH H3 pa3/iejia 1 (Teopeivia 5) h npe^CTaBjieHbi ocHOBHbie 
STanfai ee flOKa3aTejibCTBa. B paa^^ejie 3 npoBO/iiiTca ochobhoh STan flOKa3a- 
TejibCTBa, a mvieHHO, flOKasbmaeTca nepBaa OcHOBnaa JleMMa 24, KOTopaa 
6biJia BbiCKa3aHa C.A.MejiHxoBbiM xax rHnoTe3a h o6cy5K^ajiacb na ceMHHa- 
pe npocj). O.CaeKH b 2006 ro^y, a TaKme anajiornHHaa efi BTopaa OcHOBnaa 
JleMMa 25. 

PaSoTa SfaiJia HanHcana npii neo^HOKpaTHbix o6cy>KfleHHax na ceMUHape 
no ajireSpanHecKoii Tonojiornn nofl pyKOBOflCTBOM npo(J). M.M.HocTnnKOBa. 
B nacToamen nepcnn pa6oTbi Hcnpanjiena omH6Ka b (jDopMyjinpoBxe Ochob- 
hoh JleMMbi 3 H3 [Akh], KOTopaa npnBO^HJiacb 6e3 ^0Ka3aTejibCTBa. 

Abtop 5jiaroflapHT 3a MHoroHncjiennbie oScy^K^enna npocj). 
B.M.ByxniTaSepa, npo(J). B.A.Bacnjibena, npo^). 11. .JlaH,T,Be6epa, 
npocJ). A.C.MnmenKO, npocJ). O.CaeKH, npocJ). A.B.CKoneHKona, 
npocJ). lO.n.CojiOBbeBa, npocJ). A.B.HepnaBCKoro, npocJ). E.B.mennna, 
npocJ). n./I>K.3KKJi3a, H.BpoflCKoro, C.A.MejinxoBa, P.P.Ca^biKOBa, 
M . B . CKoneHKona. 

1 npe/i,BapHTejibHbie pe^yKii,HH 

HanoMHHM onpe^ejienna rpynn Ko6opflH3Ma ocnani,ennbix norpyjKennH b eB- 
KJiHflOBO npocTpancTBO, KOTopbie aBJiaiOTca nacTHbiMn cjiynaaMH 6ojiee o6- 
men KOHCTpyKii;HH, H3Ji05KeHHOH B KHHre [Kl] na CTp. 55 n b pa3^ejie 10. 
CBa3b c KOHCTpyKxiHen noHTparnna-ToMa o6T>acHaeTca b [A-E]. 

llycTb / : M"^^ M"- rjia^Koe norpyjKenne, npnneM (n — l)-MepHoe 
Mnoroo6pa3He M"~^ 3aMKnyT0 no, BOo6iii,e roBopa, neopnenTHponano n 
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HecBasHO. Ha npocTpancTBe tekhx norpyjKeHHH BBe;i;e]vi OTHomeHne KoSop- 
flaHTHOCTH. CxajKeM, HTO ^Ba norpyjKeHHa /o, /i CBaaanbi Ko6opflH3MOM, 
/o ~ /i, ecjiH cymecTByeT norpy>KeHHe $ : (W^^dW = Mq~^ U Mf~^) S^- 
(R" X [0;1];M" x {0,1}) TaKoe, mto BbinojineHbi rpanHMHbie ycjiOBHa = 
: Al"^"'^ R" X {?■}, i = 0, 1 H, KpoMe Toro, ipeSyeTca, ^ToSbi no- 
rpyjKeHHe $ Smjio opToronajibHO k M x {0, 1}. 

MHOJKecTBO KJiaccoB Ko6opflaHTHOCTH norpyjKeHHH oSpaayeT a6ejieBy 
rpynny OTHOCHTejiBHO onepan,HH flHSTjiOHKTHoro o6T3eflHHeHHa norpyjKeHHii. 
HanpHMep, nyjieBoii 3JieMeHT 3toh rpynnbi npeflCTaBjiaeica nycTbiM no- 
rpyjKeHHeM, a sjieivieHT, o6paTHbiH k ;i;aniiOMy norpyjKeHHio /o npe;iCTaB- 
jien KOMno3Hii;HeH 5* o /q, r^e ^'-aepKajibnaa CHMMeTpna npocTpancTBa 
R". 3Ty rpynny o6o3HaHHM nepea I'mrrf^{n — 1,1). Ho Teopeivre YojiJieca 
[Wa] yKaaannaa rpynna H30Mopc|)Ha CTa6HjibH0H roMOTonHHecKoii rpynne 
limfe_oo7rfe+„(S'=HP~). 

IlorpyjKeHHe / onpe;i;ejiaeT h30mop(J)H3m HopMajibnoro paccjroeHHa mho- 
rooSpaana M"~^ n opnenTHpyion^ero JinneiiHoro paccjioenna T.e. naoMop- 
c|)H3M D{f) : T(M"^^) ® K — ne, r^e £-TpHBHajibHoe jiHHefiHoe paccjioeHne 
nafl M""^. B noxojKHx KOHCTpyKn,Hax leopHH xnpyprHH rjia^KHx MHoro- 
o6paaHH Bcer^a paccMaTpHBaeTca CTa6HjibHbiH HaoMop4)HaM nopMajibnoro 
paccjioenna MHoroo6pa3Ha M"~^ h opnenTHpyiomero jinneHHoro paccjioe- 
nna k, T.e. H30Mop(i)H3]vi T(M""^) ® k ® Ne = (n + N)e, rji^e N >> n. 
Hojibayacb TeopeMoii Xnpnia, Jierxo npoBepnTb, hto ecjin flByM norpyiKenn- 

3M /i, /2 OTBeMaiOT H30M0pc|)H3MbI D(fi), D(f2), KOTOpbie npH CTa6HJIH3an,HH 

npHHafljiejKai oflHOMy Kjiaccy (cTa6HjibHoro) H30Mopc|)H3Ma, to paccMaTpH- 
BaeMbie norpyjKeHna /i, /2 OKaabiBaiOTca peryjiapno Ko6opflaHTHbiMH h ^a- 
>Ke perwapno KonKop;i;aHTHbiMH (ho, BOo6ni;e roBopa, MoryT OKaaaTbca ne 
peryjiapno roMOTonnbiMn) . 

HaM noTpe6yeTca TaxiKe rpynna Imm^^ {n — k, k). 3jieMeHT 3toh rpynnbi 
npeflCTaBjien TpoHKoii (/, k,, S), r^e / : M""'^ R-^ R" - norpyjKenne aaMKny- 
Toro MHoroo6pa3Ha, n : E{k,) — > M^~^ jiHHeiiHoe paccjioeHne (;],Jia coKpame- 
nna oSoaiia^iennii ;i;ajiee jTHneiiHoe (oflnoMepnoe) pacc.Toenne n ero xapaK- 
TepncTHHecKHM KJiacc b i^^(M"^^; Z/2) mm oSoananaeM toh jkg SyKBoii), S 
CKomennoe ocnan^enne nopMajibnoro paccjioenna norpyjKenna npn noMOin;H 
paccjioenna k, T.e. H30Mopc|)H3M nopMajibnoro paccjioenHa norpyjKenna / n 
paccjioenna kn. TpoHKa (/, S) Sy^CT naabinaTbca CKomenno-ocnamennbiM 
norpy>KeimeM. B cjiynae ncMeTHoro k jiniiennoe paccjioenne k OKaabinaeTca 
opneninpyiomnM na^ M"'~^, n oSaaaiejibno k, = Wi{M"'~''). 

J\Ba 3JieMenTa rpynnbi Ko6op^HaMa, npe^CTanjiennbie TpoiiKaMH 
(/i,«;i,Si) (/2,K2,S2), pasnbi, ecjin norpyjKcnna /i, /2 Ko6opflanTnbi, npn 
3T0M Tpe6yeTca, mtoSm norpyjKenne Ko6opflH3Ma 6bijio CKomenno-ocnameno 
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H TpeSyeTca corjiacoBaHne CKomeHHoro ocnameHHa na Ko5op;i;H3]vie c sa^aH- 
HbiMH CKomeHHbiMH ocHameHHaMH Ha KOMnoHeHTax rpaHHii;bi. 3aMeTHM, hto 
npH k — 1 HOBoe onpeflejienHe rpynn Imm^^ {n — k, k) coBna^aeT c nepBona- 

MajIbHblM. 

OnpeflejiHM roMOMop(J)H3M: 

J^^ : Immf^{n -1,1)^ Immf^{n - k,k), 

KOTopbiH HasbiBaeTca roMOMop4)H3MOM nepexo/xa b KopaaMepHOCTb k. Pac- 
CMOTpHM MHoroo6pa3He M'"^^, norpyjKeime KOToporo / : M'"~^ S-^ R" 
npe^CTaBJiaeT 3JieMeHT nepBoii rpynnbi, h paccMOTpHM KJiaccH4)Hii;Hpyioiii;ee 
OTo6pa>KeHHe k' : M'"~^ MP" b BemecTBenHoe npoeKTHBHoe npocTpan- 
CTBO BbicoKOH pasMepHOCTH (tt = 71 /locTaTo^iHo) , npe,T,CTaBjTaioTn,ee KoroMO- 
jiorH^ecKHH Kjiacc Wi(M'"~^). PaccMOTpnivi CTaH;],apTHoe no/],npocTpaHCTBO 
]gpa-fc+i ^ ]gpa KopasMepHOCTH k — 1. Hpe^^nojiojKHM, HTO OToSpajKenne k.' 
TpancBepcajibHO B^ojib Bbi6paHHoro no^npocTpaHCTBa h onpe^ejiHM ho^mho- 
roo6pa3He M""*^ C M'""^ kek no.rriibm npooSpas SToro noflnpocTpancTBa 
npH HameM OTo6pajKeHHH, A/"^'^ = k'^^(MP''^'^'+^). Onpe^ejiHM norpyJKeHHe 
/ : M"^'^ S-> R" KaK orpaHH^eHHe norpy>KeHHH /' na saflanHoe no,T,MHoroo5- 
paane. SaivieTHM, mto norpyaceHHe / : M"^^ Sh> R" ;i;onycKaeT ecTecTBGHHoe 
CKomeHHoe ocHaineHHe. /JeficTBHTejibHO, HopMajibHoe paccjioeHHa ho^mho- 
roo6pa3Ha M"^~*^ C M'^~^ ecTecTBGHHO H30Mopc|)HO paccjioeHHio {k — 1)k, 
r^e K = k'\m (3,T,ecb h ^ajiee, ecjiH oSosna^ieHHe MHoroo6pa3Hfl HcnojTb3yeTca 
B HHJKHeM uHfl^eKce, TO BepxHHH HH^GKC pa3MepH0CTH MHoroo6pa3Hfl onycKa- 
GTca). yKa3aHHbiH H30Mop4)H3M S onpe^^ejiacTca CTaH;i;apTHbiM CKomeHHbiM 
ocHaineHHeM HopMajibHoro paccjioeHna k noflMHoroo6pa3Hio RP"~'^+^ b mho- 
roo6pa3HH RP", KOTopoe nepenocHTca na no^MHoroo6pa3He M"~*^ C M'"~^, 
nocKOJTbKv npe/inojiarajiocb, ^ito k' peryjiapno b^ojib RP"~'^+^. Eme o^ho 
npaMoe cjiaraeMoe b CKomenHOM ocHameHHH S HopMajiBHoro paccjioenHa 
norpyiKGHHa / cooTBeiCTByeT HopMajibHOMy oflHOMepnoMy paccjioenHio no- 
rpyjKeHHa /'. 3to paccjioeHne cjiyjKHT opneHTHpyiomHM paccjioeHHeM ^Jia 
M'"~^, no3TOMy ero orpaHHHeHne na M'^~^ coBna^aeT c k. roMOMop4)H3M 
J^^ nepeBO^IHT sjieivieHT, npe^CTaBjienHbra norpy^KenHeM /' b sjieMenT, npe/i- 
CTaBjienHbiii TpoHKoii (/, H3 sjieMenTapHbix reoMeTpH^ecKHx cooSpa- 

jKCHHii, Hcnojib3yiomHx jiHinb nonaTHe TpancBepcajibHOCTH BbiTCKaeT, mto 
roMOMopc|)H3M J^^ KoppeKTHO onpe^ejiBH, nocKOJibKy npoH3BOJi B ero koh- 

CTpyKIi;HH npHBO^HT K TpOHKe H3 TOFO JKB KJiaCCa HOpMajIbHOFO Ko6op^H3Ma. 

ripH ycjiOBHH, HTO norpyjKeiiHe / : Af"~'^ S-> R" o6iri;ero nojio^Keiina, 
noflMHO>KecTBO B R" ToneK caMonepeceMeHHH norpyjKeHHJi / o5o3Ha^aeTca 
Mepe3 A = A(/), dim(A) = n — 2k. 3to noflMHOJKecTBO onpe^ejiaeTca no 
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(i)op]viyjie: 

A = {x e M" : 3x1, X2 e M^-\ + x^, f{x,) = /(xs) = x}, (1) 

OHO aBjiaeTCH aaMKHVTbiM. Onpe/tejiHM A C Af"^^ no 4)opMyjie A = f^^{A). 

HanoMHHM CTaH/xapTHoe onpe,T,e.rreHHe MHorooSpasHa /[BVKpaTHbix tohck 
caMonepeceneHHa flannoro norpyacenHa oSmero nojiojKeiiHa h napaivieTpH- 
3yioiii;ero norpyjKeHHa MHoroo6pa3Ha ^ByKpaTHbix tohbk caMonepeceneHHa. 
HpocTpaHCTBO N onpeflejiaeTca 4)opMyjiOH 

N = {[{x^, x^)] e (M"-'^ X M"-'=)/r' : x, ^ X2, /(xi) = /(xs)} (2) 

(T" - HHBOJiioii;Ha, nepecTaBJiaiomaa KOop^HHaTbi coMHOiKHTejiefi), a ero Ka- 
HOHHHecKoe HaKpbiBaioinee onpe^ejiaeTca c|)opMyjiOH 

N = {{xi, X2) e X : xi ^ X2, f{xi) = f{x2)}. (3) 

B npeflnojioJKGHHH o tom, hto norpyjKGHHe / oSmero nojio>KeHHa, npocTpan- 
CTBO N aBJiaeTca raa^KHM MHoroo6pa3HeM paaiviepHOCTH dim(A^) ~ n — 2k. 
3to MHoroo6pa3He o6o3HaHaeTca Hepe3 7V"-2fc 

IlorpyjKeHHe g : TV""^*^ M"~^, napaMeTpH3yioii],ee A, onpeflejiaeica 
(J)opMyjiOH ^ = 7r|^, r;i,e tt : M"^^ x M""^ ^ M^~^ - CTanflapTHaa npoeKUHa 
Ha nepBbiH coMHO>KHTejib. norpy>KeHHe g : A^"-2fc j^n^ HapaMeTpH3yion],ee 
A, onpe^ejiaeTca 4)opMyjiOH (^([a;!, 0:2]) = f{xi). 3aMeTHM, hto napaMeT- 
pH3yioni;He norpyjKeHHa g,g He aBJiaiOTca, BOo6in;e roBopa, norpyjKeHHaMH 
o6in;ero nojioiKenHa. Onpe^^ejieno ^ByjiHCTHoe naKpbiTHep : N'^~'^^ — > 7V"~^*^, 
npn 3T0M g o p = f o g- 3to HaKpbiTHe Ha30BeM KanonHMecKHM naKpbiTHeM 
nafl MHoroo5pa3HeM tohck caMonepeceMenHa. 

Onpeflejienne 1. HycTb {f,K,,E) npe^CTaBjiaeT sjieMenT h3 Imm'^^ {n — 
k,k). OnpeflejiHM roMOMop4)H3M: 

hk : Imm'f {n -k,k) ^ Z/2, 

Ha3biBaeMbiH HRBapnaHTOM Xonc|)a, no c|)opMyjie: 

hk([f,K,E])^{K--'; [M"-^]). 

Onpeflejienna CTa6Hjibnoro HnnapnanTa Xon4)a (b CMbicjie Onpe^ejienna 
1) npn pa3JiHHHbix 3HaHeHHax k corjiacoBanbi MejK^y co6oh. Cc|)opMyjiHpyeM 
3T0 B BH^e OT^ejibHoro yTBepiK^enna. 

npefljio:a<;eHHe 2. Upu 30MOMop<J)U3Me J'^^ : Inmff{n—1, 1) — ^ Imm^^ {n— 
k,k) cma6uAhnuu uneapuaHm Xoncjja coxpausiemcji, m.e. uneapuamn hi : 
Imm'^^ {n — 1,1) ^ Z/2 u UHeapuaum hk ■ Imm^^ {n — k, k) — Z/2 censanu 
Meotcdy co6ou no ^opMyAe: 

h = hkO rf. (4) 
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/^OKaaaTejibCTBO IlpefljioaceHHH [2] 

HycTb / : M"~^ S-^ - norpy>KeHHe co CKomeHHbiM ocnameHHeM S h c xa- 
paKTepHCTHHecKHM KjiaccoM n G H^{M^~^\ ^/2), npe^CTaBjifliomee sjieivieHT 
H3 Imm^^ {n — k,k), npH^eM J"* ([/']) = [/, k, S] fi^jiii neKOToporo sjieivieHTa 
[/'] G Imm''^{n- 1,1). Ho onpeflejieHHio k, S]) = (k""''; [M""'']). 

C flpyroii CTopoHbi, M^~^ C M'"^^ npe;i;cTaBJiaeT ii;hkji, ;i;BOHCTBeH- 
HbiH B CMbicjie HyaHKape KOii,HKJiy k!^^^ G H''~^{M'"~^;Z/2). OopMy- 
jia [4] cnpaBe;],jiHBa, nocKOJibKy (k'""-*^; [M'"-~^]) = [M""'^]). /^ghctbh- 

TejibHO, o6pa3 xapaKTepncTH^ecKoro OTo5pa>KeHHa k' : M'"^^ — > MP°° 
(k : M"~^ — > MP°°), He orpaHHHHBaa o6iii;hocth, jiejKHT b octobg KJiac- 
CH4)Hii;Hpyioiii;ero npocTpancTBa paaiviepHOCTH n — 1 [n — k). XapaKTepn- 
CTHHecKoe HHCJio [M''"-~^]) [ikf^"^])) coBnaflaeT co CTenenbio 

deg(K') (deg(K)) KjiaccH(|)Hn,Hpyiomero OTo5pa>KeHHH k' : M'"~^ — >^ MP"~^ 
(k : M"~^ — * MP"~'^), KOTopaa paccMaTpHBaeTCH no MO^yjiio 2 h onpe^ejia- 
GTca KaK HGTHOCTb HHCJia npoo5pa30B peryjiapHoro SHaneHHa OToSpajKeHna. 
Hpn 3T0M SHaneHHe deg(fi:') (deg(K)) ne aaBHCHT ot BbiSopa OToSpajKenna k' 
(ft) B yKaaaHHbiH octob. (HanoMHio, hto KJiaccbi KoroMOJiornfi h hx xapaK- 
TepncTHnecKHe OTo6pa>KeHHa oGoananaiOTca o^HnaKOBO.) CTenenH deg(/t') h 
deg(fi;) coBna^aiOT, nocKOJibKy peryjiapnoe SHaneHHe mojkho BbiSpaTb o6mHM 
fljia paccMaTpHBaeMbix OTo6pa>KeHHH. Hpe^jio^KeHHe 2 ^OKaaano. 

C(|)opMyjiHpyeM ;i;pyroe (sKBHBajienTHoe) onpe;i;ejieHHe HHBapnaHTa 
Xon4)a (b npeflnojiojKGHHH n — 2k > 0). 

Onpe^ejieHHe 3. HycTb (/, /t, S) npe^CTaBJiaeT sjieivieHT h3 Imm'^f{n — 
k,k), n — 2k > 0. HycTb A^"-2fc MHorooSpaane ^ByKpaTHbix tohgk no- 
rpyjKGHHa / : M"^^ S-^ M", iV-KaHOHHnecKoe ^ByjincTHoe naKpbiTHe na^ 
A^, Kf^ G H^{N]Z/2) HHflyn,HpoBaH h3 k G H^{M"'~^]Z/2) norpy>KeHHeM 
g : Ar""2^ M""^. 

OnpeflejiHM SHaneHHe roMOMop(|)H3Ma /ifc : Imm^^{n — k,k) Z/2 no 
(J)opMyjie: 



Cjie^yiomee yTBep>KflenHe ycianaBjinBaeT SKBnnajienTnocTb Onpe^ejie- 
HHH 1 h[31 

Ilpe^jioJKeHHe 4. B ycAoeuMX OnpedeAenuM 3 cnpaeedjiuea (fiopMi/Aa: 
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/^OKaaaTejibCTBO IIpe^jioaceHHH [4] 

HycTb / : M"~'^ S-^ M" - norpy>KeHHe co CKomenHbiM ocnameHHeM S h c 
xapaKTepHCTH^ecKHM KjiaccoM K G H^{M"-~^;Z/2), npe;i,CTaBjifliomee 3Jie- 
MGHT H3 Imm'^f{n — k,k). HycTb A^"~^'^-MHoroo5pa3He flByKparabix to^gk 
caMonepeceMeHHa norpyjKeHna f\ g '■ N^~'^^ °r> M"-napaMeTpH3yioiii;ee no- 
rpyjKeHHe, Ar"-2fc _^ A^"~^'^-KaHOHHHecKoe ;i;ByjiHCTHoe HaKpbiTne. PaccMOT- 
pHM o5pa3 (|)yHflaMeHTajibHoro KJiacca (7*([-/V"~^'^]) e Hn-2k{M"-~^; Z/2) npn 
norpy>KeHHH g : N^-'^'^ <^ M"~'^ h o6o3HaHHM nepes m G if'^(M"~^; Z/2)- 
KoroMOJiorH^ecKHH Kjiacc, ^BOHCTBenHbiH B CMbicjie HyaHKape Kjiaccy roMO- 
jiorHH (7*([iV"^^^]). PaccMOTpHM TaKJKe KoroMOJiorHnecKHH afijiepoB KJiacc 
HopMajibHoro paccjioeHHa norpyjKeHna /, KOTopbiii o6o3HaHHM Hepe3 e G 
i7'=(M'^-^Z/2). 

Ho TeopeMe FepSepTa (cm. [E-G], TeopeMa 1.1) cnpaBe;],jiHBa (|)opMyjia: 

e = m. (6) 

HocKOJibKy BHjiepoB Kjiacc e HopMajibHoro paccjioenHH kK norpy>KeHH5i / 
paBGH K*^ (Kjiaccbi KoroMOJiorHH H cooTBeTCTByiomHe jiHHeiiHbie paccjioenHa 
o5o3HaHaiOTC5i o^HHaKOBo), TO ii;hkji g^{[N]) G Hn-2k{M"-~^; Z/2), ;i;BOHCTBe- 
HGH B CMbicjie HyaHKape KOii;HKJiy k'' G if'^(M"^^; Z/2). EosTOMy 4)opMyjia 
([5]) H npe;i;jiojKeHHe [l];i;oKa3aHO. 

Bojiee yfloSno nepec^DopMyjinpoBaTb npeflJio>KeHHe 4 (b necKOJibKO 5ojiee 

oSmeH (J)OpMe) Ha fl3bIKe KOMMyTaTHBHblX ^HarpaMM. IlpHCTyHHM K (J)opMy- 

jinpoBKe cooTBeTCTByiOHi;Hx onpeflejienHH. 

IlycTb g : A^"~^ R-^ M"- norpyjKeHne MHorooSpasna tohck caMonepecene- 
HHa norpyjKeHHa / : M"~^ M."' Kopa3MepHOCTH 1. Onpe^ejieno HopMajib- 
Hoe ^ByMepnoe paccjioenHe norpy>KeHHa g, KOTopoe mm Gy^eM o6o3Ha^aTb 
^epe3 '■ E^vn) — ^ N"'~^. (HpocTpaHCTBO ;],HCKOBoro paccjioenHa, acco- 
ii;HHpoBaHHoro c BeKTopnbiM paccjioeHneM z/jv, ;i;H4)4)eoMop4)HO peryjiapHofl 
3aMKHyT0H TpySnaTOH OKpecTHOCTH norpyjKeHHHa g.) 

3to paccjioGHHe CHaGjKeHO flonojiHHTejibHofl CTpyKTypofi no cpaBHeHHio c 
npoH3BOJibHbiM BCKTopHbiM paccjioeHHCM, a HMGHHO, GFO CTpyKTypnaa rpyn- 
na KaK 0(2)-paccjioeHHa ^onycKaeT peflyKn,Hio k ;],HCKpeTHOH rpynne ^h- 
sflpa, KOTopyio mm o6o3HaHHM Hepe3 D4. 3to rpynna bocbmofo nopa^Ka, 
OHa onpeflejiaeTca KaK rpynna nepeMeni;eHHH njiocKOCTH, KOTopbie nepeBO- 
flaT CTaH;i;apTHyio napy KOopflnnaTHbix ocen b ce5a (bo3mojkho, c H3MeHe- 
HHeM opHeHTan,HH h nopa^Ka). 

B CTan^apTHOM Konpe^CTaBjienHH rpynna D4 3aflaeTca ^nyMa o6pa3y- 
ioni;HMH a, b, KOTopbie CBasanbi MejK;i;y coSon cooTHomenHaMH {a^ = 6^ = 
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l,[a;b] = a^}. 06pa3yioiii;a5i a npe;i;cTaBJieHa noBopoTOM njiocKOCTH na yroji 
|, o6pa3yioiii;aa b npeflCTaBJiena CHMMeTpneii OTHOCHTejibHO 6HCceKTpHCCbi 
nepBoro KOopflHHaTHoro yrjia. SaMeiHM, hto 3JieMeHTy ba (npoHSBe^eHHe 
5y;;eM sanncbiBaTb no npaBHjiy KOMno3Hij[HH boa npeo5pa30BaHHH h3 0(2)) 

COOTBeTCTByeT CHMMeTpHfl OTHOCHTejibHO HepBOH KOOpflHHaTHOii OCH. 

SaMenaHHe 

B KHHre [A-M] onncaHa CTpvKTypa KoroMOJiornii ho MO^yjiio 2 KjiaccHc|)Hu,H- 
pyiomero npocTpancTBa rpynnbi D4 KaK MO^yjia nafl ajireSpoii CTHnpo^a. 
HnBapHaHT Xon4)a, KOTopbiii onpe^ejiaeTca hh^kb KaK xapaKTepncTHMecKoe 
HHCJio na MHoroo6pa3HH tohck caMonepeceneHHa CKomeHHO-ocnameHHoro 
norpyjKeHHa, 3to BbinHCJienne ne Hcnojib3yeT. 

CTpyKTypnaa rpynna HopMajibHoro paccjioeHHH MHorooSpaana to- 
HeK caMonepeceHeHHH fljia norpy^KenHH / : M""'^ S-> M", npn k = 1. 

Hcnojib3yeM ycjiOBne TpancBepcajibHOCTH caMonepeceneHHa norpyjKenHa / : 
j^n-i YijQrj,^ A'^"~^-MHoroo6pa3He caMonepeceneHHa norpyiKenHa /, 

g : N'^~'^ R"'-napaMeTpH3yioii],ee norpy^Kenne. B cjioe E{vn)x HopMajibHO- 
ro paccjioeHHa na^ tohkoh x G N 4)HKCHpoBaHa neynopaflOHeHHaa napa 
Koop.iHHaTHbix oceii. 3th och o5pa30BaHbi KacaTejrbHbiMH k xpHBbiM nepe- 
ce^ieima c.rroa E{v^).^ c ^jBVMa BJTO>KeiiHbiMH jiHCTaMH norpy>Keiiiioro mho- 
roo6pa3Ha, nepeceKaioni,Hivfflca TpancBepcajibno b OKpecTHOCxH SToii tohkh. 
Ho HOCTpoeHHK) paccjioeHHe i/jv HMeeT CTpyKTypnyio rpynny D4 C 0(2). 

Hafl npocTpancTBOM ir(D4, 1) onpeflejieno ynHBepcajibHoe 2-MepHoe D4- 
paccjToeHHe, KOTopoe o6o3HaHHM Hepe3 ip : E{ip) K{T)^, 1). CKa>KeM, hto 
OTo6pa>KeHHe rj : N K{'D4, 1) abjiaexca KJiaccH4jHii,HpyK)mHM fljia pac- 
cjioenna vn, ecjiH onpe;i;ejieH h30mop4)H3m S : ?7*(^) = up^ oSpaxHoro o6pa3a 
paccjioeHHa ijj h paccjioenHa HopMajibHoro paccjioenHa un norpyjKe- 
HHa g. B flajibHeiinieM caMO paccjioenHe h ero KjiaccHc|)Hn,Hpyiomee OTo6pa- 
jKCHHe 6yflyT o6o3Ha^iaTbca o/iHnaKOBO h b paccMaTpHBaeMOM cjiynae mojkho 
3anHcaTb rj = u^. HsoMopcjjHSM S 5y^eM iiasbmaTb D4-ocHaiii;eHHeM norpy- 
jKenna g, a OTo5pa>KeHHe tj Sy^eivi Ha3biBaTb xapaKTepncTHHecKHM KJiaccoM 
D4-ocHaiii;eHHa S. 

SaMenaHHe. B ^eiicTBHTejibHOCTH, mm onncajin jinnib MacTb Sojiee o6meH 
KOHCTpyKii;HH. CTpyKxypnaa rpynna s-Mepnoro nopMajibnoro paccjioenna k 
noflMHoroo6pa3Hio Ng tohck caMonepeceHenna KpaTHOCxn s norpyjKenna / 
flonycKaex pe^yKn;Hio k CTpyKTypnon rpynne Z/2 /S(s) - cnjieTennio n;HK- 
jiHHecKOH rpynnbi Z/2 c rpynnoii noflCTanoBOK MnojKecTna h3 s 3JieMenT0B 
(cm., nanpHMcp, [El]). 
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riycTb TpoHKa (/, S), Tp,e f : M"^^ S-^ M" - norpyjKeHHe, H - cko- 
ineHHoe ocnameHHe HopMajibHoro paccjioeHHa norpy>KeHHa / c xapaKTe- 
pHCTHHecKHM KjiaccoM K G if^(M;Z/2), npe^CTaBjifleT sjieivieHT rpynnbi 
Imm^^{n — k,k). Hau noTpeSyeTca o6o6iii;eHHe npe;i;bi;i;yiii;ero nocTpoenHa, 
KOTopoe OTHOCHJiocb K cjiyHaio k = 1. HanoMHHM onHcanne (cm., nanpn- 
Mep, [El], [E-G]) CTpyKTypHoii rpynnbi nopiviajibHoro paccjioenna z/^r nafl 
MHorooSpaaneM to^gk caMonepece^ennfl npoHSBOJibnoro norpy>KeHH5i o6n],e- 
ro nojioJKeHHH npoHSBOJibHoii KopasMepnocTH k, k < [^]. 

npefljio:aceHHe 5. HopMaAhHoe 2k-MepHoe paccAoenue nospycnceHUM 
g npedcmaeuMO e eude npMMOU ci/mmu k usoMopcjjHux Konuu deyMepno- 
20 paccAoeuuM r] Had A^"-2fe^ npuHCM Kaofcdoe deyMepnoe paccAoeuue umc- 
em cmpyKmypHyw spynny D4 u KAaccu^uii^upyemcji omo6paMceHueM rj : 
j^n-2k _^ ii"(D4, 1) (auaAozuHHoe npedAOCHcenue doKasano e [Sz2]j. 

/^OKaaaTejibCTBO npefljio:a<;eHHa [5] 

HycTb X G A^"~2fc rj,Qtjj-g^ Yid, MHoroo6pa3HH ^ByKpaTHbix tohck norpy^Kenna 
/ : M"-"'' S-^ M". 06o3Ha^HM ^epea Xi,X2 G N"-'^'' =K M""'' ffsa npo- 
oSpaaa SToii tohkh na KanoHH^ecKOM naKpbiBaionteM MHorooSpasHH. Op- 
ToronajibHoe flonojinenne b npocTpancTBe T(^g{x)){M."') k no;i;npocTpaHCTBy 
g^:{Tx{N^~'^^)) sBJiaeTca cjiogm nopiviajibHoro paccjioenna E{viq) norpyjKe- 
HHH g najx to^koh x G . 3tot cjioii npeflCTabjien KaK npaiviafl cyMMa 

flByx jiHHeHHbix npocTpancTB E{i'n)x = © -Sx,2, r^e no^npocTpancTBO 
Ex^i C E(iyj\[)x HBjifleTCfl cjiogm nopMajibnoro paccjioennH norpy>KeHHfl / b 

TOHKe Xi. 

no;i;npocTpaHCTBO E^^i cjioa KanonnHecKH npeflCTaBJieno b BH;i;e npaMoii 
cyMMbi k ynopaflOHennbix Jinnennbix noflnpocTpancTB E{Kxj^i), j = 1, . . . ,k, 

i = 1,2, npHHGM 4)HKCHpOBaHO CeMGHCTBO nOnapHblX H30M0p(|)H3M0B MQXffy 

3THMH npocTpancTBaMH, nocKOJibKy HopMajibHoe paccjioenne norpy>KeHHa / 
6biJio cnaSjKeno CKomennbiM ocnan^enneM b KopaaiviepHOCTH k. Crpynnnpyeivi 
cjiOH c o;i;HHaKOBbiMH HOMepaMH j B flByiviepHbiH noflCJiOH cjioa E[i']sr)x- Ho- 
jiyHHM pasjiojKeHne cjioa E{viq)x na^i; KajK;i;oH tohkoh x G iV"~^*^ b npaiviyio 
cyMMy k 3K3eMnjiapoB nonapno H30Mop4)Hbix ;],ByMepHbix noflnpocTpancTB. 
npoBeflennaa KOHCTpyKn,Ha nenpepbiBHO aaBHCHT ot BbiSopa to^kh x h mo- 
JKGT SbiTb npoBe^ena o^^noBpeMenno ^Jia KajK^on tohkh Sasbi A^"-2A: g 
syjibTaTe nojiynnTca TpeSyeMoe pasjiojKeHne paccjioenna b cyMMy Yht- 
HH neKOToporo nncjia KanonnHecKH H30Mop(|)Hbix Me>Kfly coSoii ;i;ByMepHbix 
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noflpaccjioeHHH. KajK;i;oe ;i;ByMepHoe npaivioe cjiaraeivioe KJiaccH(J)Hii;HpyeTca 
OTo6pa>KeHHeM rj : N 7^^(04, 1), hto ;i;oKa3biBaeT npe;i;jiojKeHHe O 



Onpe^ejieHHe 6. Onpe^ejiHM rpynny KoSop^HSMa norpy>KeHHH 
ImmP'^{n — 2k, 2k), b npe^nojioJKenHH n > 2k. HycTb {g,'^,rj)- TpoH- 
Ka, onpe^ejiaioinaa D4-ocHaiii;eHHoe norpyjKeHne b KopaaiviepHOCTH 2k. 
Sflecb g : N"-^'' - norpyaceHne, r] : A^"-^^ _^ K(D4, 1)- xapaK- 

TepHCTH^ecKHH Kjiacc D4-ocHaii],eHHa OTHomeHne KoSop^HSMa TpoeK 
CTan^apTHO. 

JleMMa 7. B npednoAOCHcenuu ki < k, 2k < n, onpedeAena KOMMymamue- 
nan duaspaMMa soMOMop^usMoe spynn: 

Imm"^ {n — ki,ki) -^—^ Imm^^ (n — k, k) Z/2 

i 4i i h II (7) 

Imm^^{n-2ki,2ki) ^ Imm^^{n - 2k,2k) ^ Z/2. 
/^OKasaTejibCTBO JleMMbi [7] 

Onpe;i;ejiHM roMOMop(|)H3Mbi b ^narpaMMe ([7]). roMOMop(|)H3M 

Imm^-' {n — ki, ki) - — > Imm''' (n — k, k) 

onpeflejiaeTca ;i;ocjiobho TaK»ce, KaK SbiJi onpeflejien roMOMop4)H3M nepexo;i;a 
B KopaaiviepHOCTb k ^Jia cjiynaa ki = 1. roMOMop(J)H3M 

Imm'^^ [n — k, k) Imm^'^{n — 2k, 2k) 

nepeBo;i;HT KJiacc Ko5op;;H3Ma tpohkh (/, k, S) b KJiacc Ko6opflH3Ma TpoiiKH 
{g,r], rfle g : N^-^^ _ napaMeTpH3yioiii;ee norpyjKeHne MHorooSpa- 

3Ha TOHCK caMonepeceneHHa norpyjKeHna / (npeflnojiaraeTca, hto norpyjKe- 
HHe / caMonepeceKaeTca TpancBepcajibHo), \1/-3to D4-ocHameHHe HopMajib- 
Horo paccjioeHHfl norpyaceHHa g, ?7-xapaKTepHCTHHecKHH Kjiacc D4- ocna- 

HpHCTynHM K onpe;i;ejieHHio roMOMop4)H3Ma 

Imm^^n - 2k, 2k) ^ Z/2, 

KOTopbifi Ha30BeM ^HSflpajibHbiM HHEapnaHTOM Xon4)a. Onpe^ejiHM no^- 
rpynny 

Ic C D4, (8) 
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nopojK;i;eHHyio npeoSpaaoBaHHJiMH njiocKOCTH, coxpanaiomHMH co6cTBeHHoe 
noflnpocTpancTBO KajKfloro 6a3HCHoro BeKTopa. Fpynna Ic aBJiaeTca sjieivieH- 
TapHOH aSejiGBOH rpynnon panra 2. Onpe^ejiHM roMOMop4)H3M 

/P] : I, ^ Z/2, (9) 

OTBenaiomHH aa npeoSpaaoBanHe b coGctbghhom npocTpancTBe nepBoro 6a- 
3HCHoro BeKTopa. Ho^rpynna (IHl) HMeeT hh^gkc 2 h onpe^ejieno 2-jiHCTHoe 
HaKpbiTHe: 

ir(Ie,l)-.ir(D4,l), (10) 

HHflyii;HpoBaHHoe stoh noflrpynnoii. 
OSoana^HM nepea 

2-jiHCTHoe HaKpbiTHe, HHflyn,HpoBaHHoe xapaKTepncTHHecKHM KjiaccoM t] : 
j^n-2k _^ ^^^(04, 1) H3 HaKpbiTHa (fTOj) ■ OnpeflejiGH xapaKTepHCTHHecKHii 
KJiacc: 

f^'f = lo ff^ : iV"-2^ ^ K(Z/2, 1), 
rfle ff-" : iV"~^^ -^(Ic? 1)^ ;i;ByjiHCTHoe naKpbiTHe na^i; KJiaccH(J)Hii;Hpyio- 

mHM 0T06pa>KeHHeM 7] : ]\f^~'^^ i^(D4, 1), HHflyn,HpOBaHHOe HaKpblTHHMH 

( fTOl) , (fTTl) na^ npocTpancTBaMH oSaaa h npooSpaaa OToSpajKenHH 77 cooTBei- 

CTBeHHO. 

OnpeflejiHM anaHeHHe roMOMop4)H3Ma ImmP'^{n — 2k, 2k) Z/2 no 
(jDopMyjie: 

C([^7,^,*]) = ((^^0"-'';[iV"''1>- (12) 

/^HarpaMMa ([7]) onpe^ejieHa. KoMMyTaTHBHOCTb npaBoro KBa;i;paTa ;i;Ha- 
rpaMMbi BbiTCKaeT h3 npaMbix reoMeTpHHecKHx paccyjK;i;eHHH. KoMMyTaTHB- 
HOCTb npaBoro KBa^paia ^HarpaiviMbi BbiTCKaeT npH /ci = 1 h3 Hpe^JiOiKeHHa 
5, a npH npoH3BOJibHOM ki ^OKasaTejibCTBO anajiornHHO. JleMMa[7]flOKa3aHa. 



HaM noTpeSyeTca BKBHBajienTHoe onpeflejieHne flHSflpajibHoro HHBapnaH- 
Ta Xon(|)a. PaccMOTpnivi no;i;rpynny b rpynne 0(4) npeo6pa30BaHHH, nepe- 
BO^amnx MHOJKecTBO BCKTopoB (61,62,63,64) CTaH^^apTHoro 6a3Hca b ceSa, 
SbiTb MO>KeT, H3MeHaa nanpaBjieHHa neKOTopbix BCKTopoB h, KpoMe Toro, 
coxpanaiomHx napy 2-MepHbix no^npocTpancTB, nopo>K^eHHbix 6a3HCHbiMH 
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BeKTopaMH (61,62), (63,64). ripH 3T0M yKasaHHbie 2-MepHbie no;i;npocTpaH- 
CTBa MoryT, BOo5iii;e roBopa, nepecTaBJiaTbca MejKfly coSoii. 06o3HaHHM no^i;- 
rpynny TaKHx npeoSpaaoBaHHH ^epea Onpe^ejiHM n,enoHKy no^rpynn 

HH;],eKca 2: 

Hg C He C Z/2131. (13) 

Hoflrpynna H^ onpe^ejieHa KaK no;i;rpynna npeoSpaaoBaHHH, HHBapnaHTHbix 
Ha Ka>K^OM 2-MepHOM no^npocTpancTBe, nopojK^eHHOM napaMH seKTopoB 
(ei, 62), (63, 64). 3Ta no^rpynna H30Mop(J)Ha npHMoii cyMMe flsyx SKseivinjia- 
poB rpynnbi D4, Ka>Kfloe npaMoe cjiaraeMoe HHEapnaHTHO ^encTByeT b coot- 
BeTCTByiomeM 2-MepHOM no;i;npocTpaHCTBe. no;i;rpynna Hg C H^, onpeflejie- 
na KaK noflrpynna npeo6pa30BaHHH, HHBapnaHTHbix na KajK;i;oM jiHHeflHOM 
noflnpocTpancTBe, nopojKflenHbix BeKTopaMH 61, 62. 

HycTb ((yf,?7, \l/) npe^CTaBjiaeT sjieivieHT h3 ImmP^{n — 2k, 2k) b npe^- 
nojio>KeHHH, HTO n — Ak > m hto g aBjiaeTca norpyjKenHeM o5mero no- 
jiojKeHHa. HycTb L"-^'^ - MHorooSpaane ^ByKpaTHbix tohck norpyjKeHna 
g : A^"-2fc Onpe^iejiena Samna 2-JiHCTHbix HaKpbiTHli: 

L'^'ik _^ ^n-4fc _^ ^n-4fe ^^^^ 

B peayjiBTaTe cjie^yiomeH KOHCTpyKn,HH. Onpe^ejieno napaMeTpHsyiomee 
norpyjKeHHe h : R". HopiviajibHoe paccjioenHe norpyjKenHa h 

o6o3HaMHM nepea u^. 3to paccjioenHe KpaccH(|)Hii;HpyeTca OTo6pa>KeHHeM 

noflrpynn f fTSl) HH;],yn,HpyeT SaniHio 2- 
JIHCTHblX HaKpblTHH KjiaccH(J)Hn,HpyiomHx npocTpaHCTB! 

ir(Hg, 1) C i^(H„ 1) C K{Z/2^^\ 1) (15) 

na^i; npocTpancTBOM-oSpaaoM KJiaccH(J)Hii;Hpyioiii;ero OTo6pa»ceHHa ( h 5am- 
HK) 2-jiHCTHbix HaKpblTHH (1141) Ha^ HpocTpaHCTBOM-HpooSpasoM OTo6pa>Ke- 
HHH (. HaKpbiTHe L"-~*^, OHpe;],ejieHHoe (J)opMyjioH (fT4ll . 6y;],eM na- 

3bIBaTb KaHOHHHeCKHM 4-JIHCTHbIM HaKpblTHeM Ha^ MHOrOo5pa3HeM TOHCK 

caMonepeceneHHa norpyjKeHna g. 

Onpe;];ejieHO OTo6pajKeHHe KJiaccH(J)Hn;Hpyioin;Hx npocTpancTB: 

ir(Hg,l)-^K(Z/2,l), (16) 

HHflyn,HpOBaHHOe rOMOMOp(J)H3MOM 

: Hg ^ Z/2, (17) 

KOTopbiH OTBenaeT 3a Hpeo6pa30BaHHe jiHHeHHoro co6cTBeHHoro Ho^npo- 
CTpancTBa BCKTopa ei. Onpe^ejieHbi KjiaccH4)Hn,Hpyiomee OTo6pa>KeHHe : 
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L^J' — > K{lic, 1) B peayjibTaTe nepexo;i;a k 4-jiHCTHOMy HaKpbiTHio na^ 
OToSpajKeHHeM ( h xapaKTepHCTHnecKoe OTo6pa>KeHHe (^■^ : L'^_^^ — ^ 
i^(Z/2, 1) B peayjibTaTe KOMno3Hn,HH KjiaccH(J)Hn,HpyK)n];ero OTo6pa>KeHHe 
c OTo6pa>KeHHeM ffTHl) . 

Ilpe^jiojKeHHe 8. UpednoAoofcuM, umo J^^-ocHameuHoe nozpycHceHue 
{g, 7], npedcmaejiHwiinee ajieMeum U3 spynnu ImmP*{n—2k, 2k), jieMcum 
e o6pa3e zoMOMop(pu3Ma 

5k '■ Imm^^ {n — k,k) ImwP'^{n — 2k, 2k). 

Tozda cnpaeedAuea (fiopMyAa: 

((CO""^^ [^n-4fc|^ _ ((ry«/)"-2'=; [iV"-^'^]). (18) 

/^OKasaTejibCTBO IIpefljio^ceHHH [8] 

HycTb g : A^"^2fe j^n norpyjKeHne c D4-ocHaiii;eHHeM \l/ h c xapaK- 
TepHCTHHecKHM KJiaccoM rj : A^"-2fc _^ i^(D4, 1), npe;i;cTaBJiaioiii;ee sjie- 
MGHT H3 ImmP*{n — 2k, 2k) h3 oSpaaa 6^. HycTb L"~^'^-MHoroo6pa3He 
;],ByKpaTHbix TO^eK caMonepece^enHii norpy>KeHHfl g, h : ^ M"- 

napaMeTpHsyiomee norpy>KeHHe, L"'~^^ L"~^'^-KaHOHHHecKoe ffBjjimcT- 
Hoe HaKpbiTHe. PaccMOTpHM o5pa3 c|)yH;i;aMeHTajibHoro KJiacca G 
Hn-Ak{N'^~'^^] ^/2) npn norpyjKeHHH li : S-^ ]\j-n~2k ^ o5o3HaHHM Hepe3 

m G if^'^(A^"~^'^; Z/2)-KoroMOJiorHHecKHH KJiacc, flBOHCTBenHbiii b CMbicjie 
HyaHKape Kjiaccy roMOJiorHH h^,[[L"'~'^^]) . PaccMOTpHM TaKJKe KoroMOJiorn- 
^ecKHH siijiepoB Kjiacc HopMajibHoro paccjioenHH norpyjKenHa g, KOTopbiH 
oSoana^HM ^epe3 e G H'^^{W-~'^^;Ij/2). 

Ho TeopeMe FepGepTa (cm. [E-G], Teopeivia 1.1) cnpabefljiHBa 4)opMyjia 
dHD. 06o3HaHHM Hepea e G H^''{N^f^''; Z/2), rfi G H^'' {N^f^'' ; Z/2) - oSpasbi 
Kon,HKjiOB e, m cooTBeTCTBenHO npn KanoHH^ecKOM ^ByjiHCTHOM naKpbiTHH 
j^n-2k _^ j^n-2k_ CnpaBGflJIHBa TaKJKe 4)opMyjia: 

e = rh, 

B ^acTHOCTH, cnpaBe^JiHBa (|)opMyjia: 

((^s/)n-4fc^. [iV--2^]) = ((ry«/)-4'=e; [N^f^'']). (19) 

HpaBaa nacTb (i)opMyjibi (dSD paBHa /i^^*( J°*([^, r^, ^])). 3to xapaKTepn- 
CTHMecKoe HHCJio B CHJiy KOMMyTaTHBHOCTH flHarpaMMbi ([7]) coBnaflaeT c 
h^*{[g,T],<i']) = ((y^«/)'^-2fc. [jV"-2'=]) B npaBOH ^ac™ (^o-puyjibi (UHl). Ho- 
CKOJibKy xapaKTepHCTH^ecKHe Kjiaccbi ^"^-^ : Li^J^^ K{Z/2,1) h fj^^Lst 
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coBnaflaiOT, jieBaa nacTb (|)opMyjibi (fTOj) paBHa xapaKTepncTHHecKOMy HHCJiy 
i^(^^s/)"-4fc. [L]^~^^]) H3 jieBOH nacTH 4)op]viyjibi (fTSl) . Hpe^jioiKeHHe [8] flOKaaa- 

HO. 



2 /^OKasaxejibCTBO ochobhoh xeopeMbi 

nepe(|)opMyjiHpyeM OcHOBHyio TeopeMy. 

TeopeMa 9. Upul > 6 zoMOMopcjjusM h2i-2_g : /mm'''^(3-2'~^ + 7, 2'~^ — 8) 
Z/2, sadauHuu OnpedejienueM 3, mpueuajien. 

BbiBOfl OcHOBHoro Cjie^CTBHa h3 TeopeMbi [9] 

PaccMOTpHM roMOMop(|)H3M J'^^ : Imm^^ {n—1, 1) — /mm*-^(3-2'~^+7, 2'~^ — 
8). CorjiacHO IlpeflJioJKeHHio 4, /ii = /i2'-2_8 o HycTb sjieivieHT b rpynne 
I mm'' ^ in — 1,1) npe;i;cTaBJieH norpyaceHneM / : M""-*^ S-^ M", Wi{M) = n. 
SnaHeHHe h^^J''^-^ (f)), r^e A; = 2'^^ — 8, coBna^aeT c xapaKTepncTHHecKHM 
^HCJIOM (k"" [M"-i]). Hcnojibsya TeopeMy [9l nojiynaeM Tpe6yeMoe. 



JH^Jin flOKaaaTejibCTBa TeopeMbi [9] noTpeSyiOTca BBecTH ^onojiHHTejibHbie 
onpe^ejieHHa h o6o3Ha^eHHfl. 

Onpe^ejieHHe no^rpynn 1^ C la C D4, I;, C D4 

06o3HaHHM ^epea la =C D4 n,HKjiH^ecKyio no^rpynny nopa^Ka 4 HH^eKca 2, 
co;i;epjKaiii;yio HeTpHBnajibHbie sjieMenTbi a,a^,a^ G D4 (T.e. nopojKfleHnyio 
npeo6pa30BaHHeM noBopoTa, MenaioinHM KOop;i;HHaTHbie och). 06o3HaHHM 
^epe3 Irf C la ^ noflrpynny c neTpHBHajibHbiM BJieMenTOM ( npeo5pa30- 
BaHHe n,eHTpajibHOH CHMMeTpHn). 05o3HaHHM ^epe3 1;, C D4 - no^rpynny 
c o5pa3yiomHMH a^, ah (npeo5pa30BaHHe CHMMeTpnH OTHOCHTejibHO SHCceK- 
Tpnccbi nepBOH KOop;i;HHaTHOH neTBepTn). 

Onpe^ejieHbi roMOMop(J)H3Mbi BKJiiOHeHHa no;i;rpynn: id,a : Id C la id,b '■ 
Id C Ife. B cjiynae, ecjiH o5pa3 coBna^aeT co Bcefi rpynnofi D4 cooTBeTCTBy- 
ioiu,Hfi HH^eKC npH roMOMop4)H3Max BKjiiOHeHHH onycKaeTca: : 1^ C D4, 

Za : la C D4, Zfe : Ifo C D4. 
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Onpe^ejieHHe no^rpynnbi ig^ : Qa C Tjj'^P' 

05o3HaHHM Hepe3 Qa - rpynny KBaTepHHOHOB nopflflKa 8. Sia rpynna aa^a- 
na Konpe^CTaBjieHHeM {i, j, k|ij = k = — ji, jk = i = — kj, ki = j = — ik, = 
j2 — k2 _ _]^| Onpeflejieno CTanflapTHoe npeflCTaBjienHe x+ : Qo — >S'0(4). 
Hpe^CTaBJieHHe x+ (MaTpHii;a ^eficTByeT cjiesa na BeKTop-CTOJi6eii;) nepeBO- 
flHT e^HHHHHbie KBaTepHHOHbi i,j,k B MaTpHii;bi 






-1 








1 




















-1 








1 






/o 



1 



-1 \ 

1 



-1 y 



(21) 



/ -1 \ 

0-10 

10 

V 1 y 



(22) 



YKaaaHHoe npe^CTaBjieHHe onpe/],ejifleT no;],rpynny ig^ : Qa C Z/2'^1 C 0(4). 



Onpe^ejieHHe no^rpynn 1^ C !„ C Qa 

06o3HaHHM Hepea ii^,Q„ : Irf C Qa - Li,eHTpajibHyio noflrpynny b KBaiepHH- 
OHHOii rpynne, KOTopaa OKasbiBaeTca TaxiKe ii;eHTpajibHOH h bo Bceii rpynne 
Z/2I31. 

06o3HaHHM Hepea ?i„.q„ : la C Qa - noflrpynny b KBaTepHHOHHOii rpynne, 
nopojKfleHHyio KOMnjieKCHbiM KBaTepnHOHOM i. 

Onpeflejienbi laKJKe roMOMopcjjnaMbi BKjiiOMeHHfl : I<i C 'L/2^^\ iq^ : 
Qa C Z/2P1 



Onpe^ejieHHe 10. CTpyKTypnoe OTo6pa>KeHHe 77 : N^~'^^ — > K{T)i, 1) na- 

abiBaeica n,HKjiH^ecKHM, ecjin oho aBjiaeica KOMnoannHeii neKOToporo oto6- 
paiKenna '■ N'^~'^^ -f^(Ia) 1) h BKJHOHenna ia i^(Io; 1) C i^(D4, 1). 

Onpe^ejieHHe 11. CTpyKTypnoe OTo6pa>KenHe C, : L^^^^ — > i^(Z/2[^l,l) 
naabiBaeTca KBaTepHHonnbiM, ecjin oho aBjiaeica KOMnoaHn,HeH neKOToporo 
OTo6paa<eHHa Aa : L"^'^^ K{Qa, 1) h BKjnoHenna K{Qa: 1) C K{Z/2^^\ 1). 
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HnjKe HaM noTpe6yeTca KOHCTpyKii;Ha npocTpancTB SnjienGepra- 
MaKJieiiHa K{Ia,l), K{QaA) h onncaHne KoneHHOMepHbix octobob bthx 
npocTpancTB, KOTopoe mbi nanoMHHM. PaccMOTpHM SecKOHe^HOMepnyio C(J)e- 
py (sTO CTHrHBaeMoe npocTpancTBo) , KOTopaa onpe^ejiaeTca Kax npHMoii 
npe^eji SecKone^HOH n,eno^KH Bjiomeaw CTaH^apTHbix c(|)ep ne^eTHOH paa- 

MepHOCTH, 

^°° = lim {S^ c S"" c ■■■ c S^'-^ c S^^+' c ... ). 

ripH 3T0M S"^^^^ onpe^ejiaeTca no c|)opMyjie S"^^'^ = {{zi,...,Zj) G 
C-^'IkiP + ■■■ + = 1}. HycTb i{zi,...,Zj) = {izi, . . . ,izj). Teivi ca- 
MbiM, npocTpancTBO S'^^~^/i cjiyjKHT (2j — l)-MepHbiM octobom npocTpan- 
CTBa /i, KOTopbiH HasbiBaeTCfl (2j — l)-MepHbiM jiHHSOBbiM npocTpancTBOM 
na^i; Z/4. CaMO npocTpancTBO S°^/i aBJiaeica npocTpancTBOM SHJienSepra- 
MaKjieflna K{la, 1). 

OnpeflejiHM npocTpancTBO K{Q,aA)- PaccMOTpnM 6ecKOHeHHOMepHyio 
C(J)epy S°° (sTO CTarnBaeMoe npocTpancTBo), KOTopaa onpe^ejiaeTca KaK 
npaMoii npe^eji SecKOHeHHoii n,eno^KH Bjio>KeHHH CTan^apTHbix c(|)ep: 

5°° = lim {S^ c C ■■■ C S^^-^ C S^^+^ C ... ). 

Onpeflejieno noKOopflHnaTHoe ;i,eHCTBHe Qa x (C^)-' (C^)-^ na Kax- 
flOM npaMOM cjiaraeMOM b cootbgtctbhh c 4)opMyjiaMH [20ll 2111 22[ Tgm 
caMbiM, npocTpancTBO 5'^-'~^/Qa cjiyjKHT (4j — l)-MepHbiM octobom npo- 
CTpancTBa S°° /Qa h nasbiBaeTca (4j — l)-MepHbiM jinnaoBbiM npocTpancTBOM 
na^ Qa. CaMO npocTpancTBO S°°/Qa aBjiaeica npocTpancTBOM BiijienSepra- 
MaKjienna K{Qa, 1). 

Onpe^ejieHHe xapaKTepncTHHecKoro HHCjia hfj_^^k 

riycTb B npeflnojioJKGHHH n > 2A; na MHorooSpasHH tohgk caMonepecene- 
HHa iV"~^'^ CKomeHHO-ocHaineHHoro norpyjKeHna onpe;i;ejieHO nponsBOJibHoe 
OToSpajKCHHe /la '■ N"'~'^^ K{la, 1). OnpeflejiHM xapaKTepncTHHecKoe hhc- 
Jio h^j^^^k no (J)opMyjie: 

V,fc = feK"-'1), (23) 
r^e Jia '■ iV"~^^ — > -^(Irf) 1) ^ ;],ByjiHCTHoe naKpbiBaiomee na^ OToSpaaceHHeM 

Ha '. N^""^^ — > K{la,l), HHflyii;HpOBaHHOe HaKpblTHeM K{ld,l) K(Ia,l), 

X e 1); Z/2) - oSpaayioinaa, [iV""^''] - 4)yH;i;aMeHTajibHbm 

KJiacc MHoroo5pa3Ha N^~'^^. (MnorooSpasHe iV"-2fc coBna;i;aeT c KanoHH- 
^ecKHM 2-jiHCTHbiM HaKpbiBaiomHM _/V'^-2fc^ ecjiH CTpyKTypnoe OTo6pa>KeHHe 
7] : iV"~^'^ — ^ 7^^(04, 1) aBjiaeTca n,HKjiHHecKHM.) 
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Onpe^ejieHHe xapaKTepncTHHecKoro iHCjia hx^^k 

HycTb B npeflnojio>KeHHH n > Ak MHorooSpasHH tohck caMonepece^eHHii 
jjn-ik D^-ocnameHHoro norpy>KeHHfl onpe^ejieHO npoHSBOJibHoe OToSpajKe- 
HHe Xa ■ L"'~'^^ — > i^r(Qa,l). Onpe;],ejiHM xapaKTepHCTHnecKoe hhcjio /iAa,fc 
no (jDopMyjie: 

h,^,k = {Ky;[La]), (24) 

r;;e y G if"-4'=(i^(He, 1); Z/2) - oSpaayiomaa, A, : L^^^^ ir(He, 1) - 
4-jiHCTHoe HaKpbiTHe nafl OToGpajKenneM Aq, HHflyii;HpoBaHHoe h3 HaKpbiTna 
K{iie, 1) ^ -?^(Qa! 1). [La]- (i)yHflaMeHTajibHbm KJiacc MHorooSpaana L^~^''. 
(MnorooSpasHe ne coBnaflaeT c KaHOHnnecKHM 4-jiHCTHbiM HaKpbiBa- 

lomHM ecjiH CTpyKTypnoe OTo5pa>KeHHe ne HBjifleTCfl KBaTepHHon- 

HbiM.) r^e Xa '■ L^T^^ K{}ie, 1) - 4-jiHCTHoe HaKpbiTHe na^ OTo5pa>KeHHeM 
Xa '■ K{Q,a, 1)7 HHflyii;HpoBaHHoe naKpbiTHeM K{Qe, 1) K{Cla, 1), 

y G //"^''^(-^'(He, 1); Z/2) - oSpaayioinaa, [-Z^""^*^] - 4)yHflaMeHTajibHbm 
KJiacc MHoroo5pa3Ha L^~'^^. (MnorooSpasHe L^~^^ coBna^aeT c KaHOHnne- 
CKHM 4-jiHCTHbiM HaKpbiBaiomHM L^_^^ ^ GCJiH CTpyKTypHOG OTo6pa>KeHHe 
C, : K{'L/2^^\ 1) HBjiaeTCH KBaTepHHOHHbiM.) 

JleMMa 12. /I^AH npouseoAbHoso CKomeHHO-ocHavj,eHHOso nospyMcenun (/ : 
M"~^ S-^ R", K, S) c MHOsoo6pa3ueM caMonepeceneHUH jV""^*^, Komoposo 
KAGCcucfimj^upyKimee omodpaotceHue 7] HopMaAbHoso paccAoenuH OKasueaem- 
CH v^uKAUuecKUM, cnpaeedAUBO paeeHcmeo 

hk{f, f^, 2) = h^^^k, 

zde xapaKmepucmuHecKoe hucao e npaeou nacmu euHUCAeno Bah manoso 
omo6paMceHUH Ha, '^mo rj = ia° j^a, K '-^a ^ D4. 

/^OKasaTejibCTBO JleMMbi 1121 

PaccMOTpHM flByjiHCTHoe HaKpbiTHe /2(j : iV"~^^ — > Kild-, 1) na^i; OToSpa- 

JKeHHGM : iV"^"^^ HHflyii;HpOBaHHOe flByjIHCTHbIM HaKpblTHeM 

Kil^^ 1) Kila^ 1) nafl HpocTpancTBOM-oSpaaoM OToSpajKenna. HocKOJibKy 
CTpyKTypnoe OTo5pa>KeHHe rj aBjiaeTca n,HKjiHnecKHM, MHorooSpaane N2~'^^ 
C0Bna;],aeT c KanoHiinecKiiM flByjiiiCTHbiM HaKpbiBaioiii,HM f\f^~'^^ na^ mhofo- 
oSpaaneM caMonepeceneniia ]\[^~'^^ norpyjKeniia /. ^OKaaaTejibCTBO jigmmm 
BbiTCKaeT 113 JleMMbi 7, nocKOJibKy OToSpajKeniia j2a ^ V coBna^aiOT 11 xa- 
paKTepHCTiinecKoe hiicjio h^^^k BbinncjiaeTca KaK b jigboh nacTH paBencTBa 
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JleMMa 13. /],Ji}i npou360Ji'bH020 D^-ocHameHHOso nozpyotceHUH {g : 
j\jn-2k 'EJ^^Tj, c MH020o6pa3ueM caMonepecEHeHUH L^~^'^ , djiH Komopozo 
KAaccu(fiuii,upy'tomee omo6paMceHue ( HopMaAbHoso paccAoenuM OKaaueaem- 
CH KeamepnuoHHUM, cnpaeedAueo paeencmeo 

hkig^V^"^) = hx^,k, 

zde xapaKmepucmunecKoe hucao e npaeou uacmu euHUCAeno dAn maKozo 
omo6pacHceHUH Xa, nmo C = "^a o Xa, ia '■ Qa C. Z/2['^l. 

^OKaaaTejibCTBO JleMMbi 1131 

PaccMOTpHM 4-jiHCTHoe HaKpbiTHe Xa '■ L'^~^^ KiYid, 1) Ha^ OToSpa- 

JKeHHGM Xa '■ L^~'^^ i^(Qa,l), HHflyn,HpOBaHHOe 4-JIHCTHbIM HaKpblTH- 

eM i^(Qe, 1) K{Cla, 1) Hafl npocTpaHCTBOM-oSpaaoM OToSpajKenHa. Ho- 
CKOJibKy CTpyKTypHoe OTo5pa>KeHHe ( asjiaeTca KBaTepHHOHHbiM, mhofooS- 
paane i^""'*^ coBna^aeT c KaHOHH^ecKHM 4-jiHCTHbiM HaKpbiBaiomHM L'^J'^^ 
Ha^i; MHorooSpaaneM tohck caMonepeceneHHa L"^"^'^ norpyjKeHna g. ^OKaaa- 
TejibCTBO jieMMbi BbiTSKaeT H3 Hpe^jioiKeHHa 8, nocKOJibKy OToSpajKeHna 
H C*-^ coBna^aiOT h xapaKTepncTHHecKoe hhcjio hx^^k BbinncjiaeTca no oto5- 
pa>KeHHio Xa KaK B npaBOH ^aCTH paBGHCTBa ( fTSll . 

Onpe^ejieHHe 14. HycTb iV"~^^ - MHoroo5pa3He ;i;ByKpaTHbix tohck caivio- 
nepece^enna CKomeHHO-ocHameHHoro norpyjKenHa (/, S, k,) b npeflnojio>Ke- 
HHH, HTO / : M^~^ S-> M"^ - norpy>KeHHe o6iu,ero nojio>KeHHa. CKa>KeM, hto 
3T0 CKomeHHO-ocHaineHHoe norpyjKeHne ;i;onycKaeT ii;HKJiHHecKyio CTpyKTy- 
py, ecjiH cymecTByeT OToSpajKeHne /i^ : A^"~2fc _^ Kila-, 1) (npn stom, BOo5iii;e 
roBopa, KJiaccH4)Hii;Hpyioiii;ee OTo6pajKeHHe rj ii;HKJiHHecKHM ne npeflnojiara- 
eTca) TaKoe, ^to h^^^k = hk{f,E,K). 

IlpHMep 15. Ha JIgmmm 10 BbiTCKaeT, hto gcjih KJiaccH(J)Hii;Hpyioiii;ee oto5- 
pa>KeHHe rj aBjiaeica n,HKjiHHecKHM, to n,HKjiHHecKyio CTpyKTypy mojkho 3a- 

^aTb 0T05pa>KeHHeM fia ■ N"^-"^^ Kila, 1), Tfi^e ia O fJ'a = V, ia ■ Kila, 1) C 

i^(D4,l). 

Onpe^ejieHHe 16. HycTb L"~'^'^-MHoroo5pa3He ^ByKpaTHbix tohgk caMO- 
nepece^GHHa D4-ocHameHHoro norpy>KeHHa (g,'^,?]) b npe;],nojio>KeHHH, hto 
g : A^"-2fc ]R"-norpy>KeHHe oSmero nojioacenHa. CKa»ceM, hto sto D4- 
ocHameHHoe norpyjKeHne flonycKaeT KBaTepHHOHHyio CTpyKTypy, ecjin cy- 
mecTByeT OToSpajKenne : L"'"^'' — * K{Q,a, 1) (npn 3tom, BOoSine roBopa, 
KjiaccH(|)Hn,Hpyiomee OTo6pa>KeHHe ( n,HKjiHHecKHM ne npe^nojiaraeTca) Ta- 
Koe, ™ hx^^k = hk{g, ^, r]). 
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IlpHMep 17. Ha JIgmmm 11 BbiTeKaeT, hto gcjih CTpyKTypnoe OTo6pajKeHHe 
( aBJiaeTca KBaTepHHOHHbiM, to KBaTepHHOHHyio CTpyKTypy mojkho sa^aTb 
OTo5pa>KeHHeM Aa : L"^'"^^ K{Qa, 1), r^e iQ^ o Aa = C, ha '■ -^(Qa, 1) C 
ir(Z/2[3],l). 



HaM noTpe6yeTca c4)opMyjiHpoBaTb nonaTHe n,HKjiHHecKOH h KsaTepHH- 
OHHOH CTpyKTyp 6e3 npeflnojiOiKeHHa o tom, hto OToSpajKenHa / : M^~^ —>■ 
R", g : A^"-2A; _^ j^n jjBjjjjjoTca norpyjKeHHaMH. Mbi C(J)opMyjiHpyeM HeoSxo- 
flHMoe onpeflejieHHe b MHHHMajibHoii o6iii;hocth b npe;i;nojio>KeHHH M^~^ = 

^n-k^ ^n-2k ^ ^n-2fc/i_ j^^^^j^^ ^^^^^ ^ . ^n-k _^ ^BJiaeTCa TJiaflKHM 

OTo5pa>KeHHeM oSmero nojio>KeHHa. 

PaccMOTpHM KOH(]3Hrypan,HOHHoe npocTpancTBO 

(MP'^-'= X MP"-'^ \ Aiff>n-fe)/T', (25) 

KOTopoe TaK>Ke nasbiBaeTca "BspeaanHbifi KBa^paT" npocTpancTBa MP"^^. 
3to npocTpancTBO nojiyneHO nyTeivi (|)aKTopH3aii;HH npaivioro npoH3Be;i;eHHa 
6e3 flHaroHajiH no hhbojiioii;hh T' : MP""'' x MP""'' MP""'' x MP""'', nepe- 
CTaBjiaiomen KOop^HnaTbi. HocTpoeHHoe npocTpancTBO asjiaeTca OTKpbiTbiM 
MHoroo6pa3HeM. 

Onpe^ejiHM npocTpancTBO Fq KaK c4)epH^ecKoe pa3flyTHe npocTpancTBa 
MP""'' X MP""'' \ Tidiag B OKpecTHOCTH ;i;HaroHajiH. C(J)epHHecKHM pa3;i;yTH- 
GM Ha3biBaeTca MHoroo5pa3He c Kpaeivi, KOTopoe onpe;i;ejieHO b pe3yjibTaTe 
KOMnaKTH(J)HKaii;HH OTKpbiToro MHoroo6pa3Ha MP""'' x MP""'' \ T,iiiag nocpefl- 
ctbom nocjiOHHoro BKjieHBanHa cjiogb c4)epH3an,HH STY^diag KacaiejibHoro 
paccjioeHHa TY^diag B OKpecTHOCTH nyjieii cjiogb HopMajibHoro paccjioenHa 
flHaronajiH S^iag C MP""'' x MP""''. Onpeflejienbi ecTecTBeHHbie BKjnoneHHa: 

MP""" X MP""" \ T.d^ag C f q, 
STTjdiag C Fq. 

Ha npocTpancTBe Fq onpe;i;ejieHa CBo6o;i;Haa HHBOJiioii;Ha T' : Fq — * Fq, ko- 
Topaa onpe;i;ejieHa KaK npo;i;oji>KeHHe hhbojiioii;hh T' . OaKTopnpocTpaHCTBO 
Tq/T' o5o3HaHaeTca ^epe3 Fq, a cooTseTCTByiomee ^ByjiHCTHoe naRpbiTne 
Hepe3 

Pro : fo/f" Fq. 

HpocTpancTBO Fq aBJiaeTca MHoroo6pa3HeM c Kpaeivi h oho Ha3biBaeTca npo- 
CTpaHCTBOM pa3;i;yTHa KOH(J)Hrypaii;HOHHoro npocTpancTBa fl25|) . Onpeflejiena 
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npoeKii;Ha pgro '■ ^Tq — > MP"~^, bto OTo6pajKeHHe OToGpajKenne HasbiBaeTca 
paapemeHHeM ;i;HaroHajiH. 

JH^Jin npoH3BOJibHoro OTo6pa>KeHHfl d onpeflejieno npocTpancTBO N{d) to- 
HQK caMonepecenenHH OTo5pa>KeHHfl d no (|)opMyjie: 

N{d) = Cl{{[x, y]) e tnt{To) : y ^ x, d{y) = d{x)}. (26) 

Ho TeopeMe HopTeyca [Por] b npe^nojiojKeHHH o tom, ^to OToSpaiKeHne d 
oSmero nojioJKeHHH, npocTpancTBO N(d) flBjiaeTCfl MHorooSpaaneM c KpaeM 
pasMepHOCTH n — 2k. 3to MHorooSpaane o5o3HaHHM nepea N'^~'^^{d) h na- 
30BeM MHorooSpaaneM tohck caMonepeceneHHa OToSpajKenHa d. Hpn stom 
4)opMyjia (j26ll onpe^ejiaeT BjiojKenHe MHoroo6pa3HH c KpaeM: 

tNid) : {N^-''\d),dN^-^\d)) c (ro,9ro). 

Kpafi dN"~'^^{d) MHorooSpaana N'^^'^^{d) naabiBaeTca MHorooSpaaneM 
paapemeHHH KpnTHnecKHx ToneK OTo6pa>KeHHa d. OTo6pa>KeHHe Pdv^ ° 
idN{d)\dN{d) '■ dN^~'^^{d) C dTo MP"~^ HasbiBaeTca OTo5pa>KeHHeM paa- 
pemeHHa oco6eHHOCTeH OTo6pa>KeHHa d, oSoananHM bto OTo5pa>KeHHe nepea 
resd '■ dN{d) —>■ HP"~'^. Onpe;i;ejieHO KaHOHnnecKoe flByjincTHoe naKpbiTHe 

p^(rf) : Nidr~^'^ ^ iV(rf)"-2^ (27) 

pasBeTBJieHHoe na^i; KpaeM dN{d)^~'^^ (na^i; bthm KpaeM HaKpbiTne asjiaeTca 
flH(J)(J)eoMop(i)H3MOM) . HpH 3T0M cjieflyiomaa flnarpaMMa aBJiaeTca KOMMy- 

TaTHBHOfi: 

tN(d)--iN''-''id),dN--''id)) C (fo,9ro) 
i PNid) I Pro 

iNid):{N^-^\d),dN^-^\d)) c (ro,aro). 

Onpe^ejieHHe CTpyKTypnoro OTo6paa<;eHHa rj^ '■ N'^~^{d) — * -f^(D4, 1) 

Onpe^ejiHM OTo6pa>KeHHe tiyq : Fq — > -ft'(D4,l), KOTopoe naaoBeM CTpyK- 
TypHbiM OTo6pa>KeHHeM "bapeaaHHoro KBa^paTa". SaMeTHM, hto BKJiiOHeHHe 
Tq C MP"^"'^ X MP"^"'^ HH;i;yii;HpyeT HaoMop(|)HaM (i)yH;i;aMeHTajibHbix rpynn, 
T.K. KopaaMepnocTb ^HaronajiH Ajgpn-fc C MP"~'^ x MP"~'^ pabna n — A; > 3. 
Cjie^OBaTejibHO, cnpabefljiHBO paBencTBO 

TTi (f o) = Hi (f o; Z/2) = Z/2 © Z/2. (28) 
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PaCCMOTpHM HHflyii;HpOBaHHbIH aBTOMOp4)H3M T'^ : Hi{Tq]'L/2) — i> 
Hi{Tq]'L/2). SaMCTHM, MTO 3T0T aBT0M0p(J)H3M HG SBJiaeTCa TOJK^eCTBeH- 

HbiM. 3a(|)HKCHpyeM h30mop(|)H3m rpynn Hi(Tq;7j/2) h Ic, npH koto- 
poM o6pa3yiomafl nepBoro (cooTBeTCTBenHO, BToporo) cjiaraeMoro rpynnbi 
Hi(To;Z/2) (cm. (I28l) ) nepexo^HT b o5pa3yiomyio a6 G Ic C D4 (cooTBeT- 
CTBGHHO, 6a e Ic C D4), KOTopaa B CTaH^apTHOM npe^CTaBJieHHH D4 onpefle- 
jiena npeo5pa30BaHHeM CHMMeTpnH OTHOCHTejibHO BTopoii (cooTBeTCTBenHO, 
nepBon) KOop^HHaTHoii och. 

JlerKO npoBepHTb, ^to aBTOMop(J)H3M BHemnero conpa>KeHHa no^rpynnbi 

Ic C D4 Ha SJieMGHT b G D4 \ Ic (b 3T0VL (J)OpMyjie SJieMGHT b MO>KHO Bbl- 

6paTb npoH3BOJibHbiM), onpeflejieHHbiH 4)opMyjiOH x t-^ bxb~^ nepexoflHT npn 
nocTpoGHHOM H30Mop(J)H3Me B aBT0M0p(J)H3M T^. OyHflaMGHTajibHaa rpynna 
7ri(ro) SBJiaeTca KBa;i;paTHHHbiM pacmnpeHHeM rpynnbi vri(ro) nocpe;i;cTBOM 

SJieMGHTa 6, H 3T0 paCmnpeHHe OflH03Ha^HO C TOHHOCTBIO H30MOp4)H3Ma 

onpe^ejiaeTCfl aBTOMop(J)H3MOM T^. HosTOMy 7ri(ro) — D4 h, 3HaHHT, onpe- 
flejieno OToSpajKenne ?7ro : Tq KCD^, 1). 

HeTpy^HO npoBepHTb, hto OTo5pajKeHHe 77rolaro npHnniviaeT snaHenna 
B noflnpocTpancTBe K{Ii,,l) C K(D4,1). OToSpajKenne rji^g HH;i;yn;HpyeT 
OToSpajKenne 7]^ : {N{d),dN{d)) — * {K(I)4,1), K(lb,l)), KOTopoe Ha30BeM 
CTpyKTypnbiM OTo6pa>KeHHeM. TaKJKe neTpy^no npoBepnTb, hto roMOTonn- 
^ecKHH Kjiacc KOMno3Hn,HH dN{d) — ^ K{Ih, 1) K{ld, 1) coBna^aeT c 
xapaKTepncTHHecKHM OToSpajKenneM k o resd : dN{d) — >• MP"'"'^ -^^(Id, 1), 
KOTopoe aBJiaeTca KOMno3Hn;HH OToSpajKenna pa3pemeHHa ocoGennocTen 
reSd ■ dN{dY~'^^ MP"^'' h BjiojKenHa ocTOBa MP""'' C Kijd, 1) b Kjiaccn- 
(|)Hn,Hpyion],ee npocTpancTBO. 

Onpe^ejieHHe ij;HKjiHHecKOH cxpyKTypM aji^ OTo6pa2KeHHa d 

^n-k ^ p 0C06eHH0CTbK) 

IlycTb d : MP""'' — > M"- Kyco^HO-JinneHHoe OToGpajKenne o6n],ero nojioJKe- 
HHa, BOo6n],e roBopa, HMeiontee KpnTH^ecKne tohkh, = (mod 2). HycTb 
MHoroo6pa3He N"-~^''{d), BOo6ni;e roBopa, c nenycTbiM Kpaeivi dN"'~'^''{d), cjiy- 
JKHT MHorooGpasneM tohgr caMonepeceHenna OToSpajKenna d. OToSpajKenne 
l^a,N{d) ■■ (Ar"-2''(rf),9Ar"-2'=(rf)) ^ {K {la, I), K {Id, I)) Ha3biBaeTca mm- 
^ecKOH CTpyKTypoH OTo6pa>KeHHa d, ecjin iJ.a,N(d) y^OBjieTBopaeT KpaeBOMy 
ycjiOBHio: 

fJ'a,N{d)\dN'^-2k(d) = {ia ° f^)\dN{d), (29) 

Tj},e K : MP""'' K{Id, 1) - KjiaccH(|)Hn,Hpyion],ee OTo6pa>KeHHe ;],jia o5- 
pa3yion];ero Kjiacca KoroMOJiornn, ia : -^'(Id, 1) C K{Ia, 1) - OTo6pa>Ke- 



23 



HHe KJiaccH(|)Hii;Hpyioiii;HX npocTpancTB, HHflyii;HpoBaHHoe BKJiiOHeHHeM no^i;- 
rpynn id^a '■ Id C h, KpoMe Toro, BbinojineHO ycjiOBHe 

KN(4^y, [iV"~''(rf), dN-'\d)]) = 1, (30) 

rfle t G 1), 1); Z/2) - npoHSBOJibKbiii KJiacc ko- 

roMOJiorHH, KOTopbiH nepexo;],HT b oSpaayiomHH Kjiacc KoroMOJio- 
THH B rpynne H"'~'^^{K{la,l);1j/2) npn HHflyn,HpoBaHHOM roMOMop- 
(i)H3Me f : i7"-2'=(ir(I,,l),ir(I,,l);Z/2) ^ H^-^'^{K{laA);Z/2), 
[iV"~^'^((i), c}A^"~^^(rf)] - OTHOCHTejibHbiH (J)yH;i;aMeHTajibHbiH hhkji mhotooS- 
pasHs. 

HycTb c : S'"~^'^/i ^ sBJiaeTca rjiaflKHM OTo6pa>KeHHeM oGmero no- 
jiojKeHHa. 

PaccMOTpHM KOH(J)Hrypan,HOHHoe npocTpancTBO 

(^"-^Vi X ^"-^Vi \ Asn-2,)/T', (31) 

KOTopoe TaK>Ke nasbiBaeTca "BspeaanHbiH KBa^paT" jiHHSOBoro npocTpan- 
CTBa S^~'^^ /i. 3to npocTpancTBO nojiyneHO nyTeivi (J)aKTopH3aii;HH npaivio- 
ro npoHSBe^eHHa 6e3 flnaroHajiH no hhbojiioii;hh T' : S'"~^'^/i x S'"^^'^/i 
^n~-2k X S'"~^'^/i, nepecTaBjiHiomeH KOopflHnaTbi. IlocTpoeHHoe npocTpan- 
CTBO flBjiaeTCfl OTKpbiTbiM MHoroo5pa3HeM. 

OnpeflejiHM npocTpancTBO Fi KaK c4)epH^ecKoe paa^yTHe npocTpancTBa 
^n-2k ^ S'^-'^^ li\/S.g„_2k B OKpecTHOCTH flHaroHajiH. C(J)epHHecKHM pasfly- 
THGM HasbiBaeTca MHorooSpaane c Kpaeivi, KOTopoe onpe;i;ejieHO b peayjibTaTe 
KOMnaKTH(|)HKaii;HH OTKpbiToro MHorooSpaana S'"~^'^/i x S""^^/! \ T^^iag no- 
cpe^CTBOM nocjiOHHoro BRjieHBanna cjiogb c(J)epHaan,HH STTidiag KacaTejibHO- 
ro paccjioeHHa TTi^iag b okpgcthocth nyjien cjiogb HopMajibHoro paccjioenHa 
/lHaroHajiH Ti^iag C 5*""^*^ X S*""^*^. Onpeflejienbi ecTecTBenHbie BKJiiOHeHHa: 

Qn~2k Qn—2k \ v' ^ 

b X ^ \ l^diag (- J- 1, 

STTjdiag C Fi. 

Ha npocTpancTBe Fi onpe;i;ejieHa CBo6o;i;Haa HHBOJiioii;Ha T' : Fi — Fi, ko- 
Topaa onpe;i;ejieHa KaK npo;i;oji>KeHHe hhbojiioii;hh T' . (PaKTopnpocTpaHCTBO 
Fi/T' oGoaHanaeTca ^epea Fi, a cooTBeTCTByiomee ^ByjiHCTHoe HaRpbirae 
^epea 

pr, : f i/f ' ^ Fi. 

HpocTpaHCTBO Fi aBjiaeTca MHoroo6paaHeM c KpaeM h oho naabiBaeTca npo- 
CTpancTBOM paa^yTHa KOH(J)Hrypan,HOHHoro npocTpancTBa (13T1) . Onpe^ejiena 
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npoeKii;Ha p^n '■ dTi — > 5"^^^^/!, 3to OTo6pa>KeHHe OTo6pa>KeHHe naabiBaeTca 
paapemeHHeM ;i;HaroHajiH. 

/l^jifl npoH3BOJibHoro OTo5pa>KeHHH c onpe^ejieno npocTpancTBO L(c) to- 
HQK caMonepecenenHH OTo5pa>KeHHfl c no 4)opMyjie: 

L(c) = G mt(ri) : y ^ x, c(i/) = c{x)}. (32) 

Ho TeopeMe HopTeyca [Por] b npe^nojiojKenHH o tom, ^to OTo5pa>KeHHe 
c oSmero nojioaceHHa, npocTpancTBO L(c) aBJiaeTca MHorooSpaaneM c Kpaeivi 
pasMepHOCTH n — ik. 3to MHorooSpaane oSosnanHM nepea L"~'^'^(c) h na- 
30BeM MHoroo6pa3HeM tohck caMonepeceneHHa OTo5pa>KeHHa c. Hpn stom 
cjDopMyjia (l32l) onpe^ejiaeT BjiojKenHe MHorooGpasHii c KpaeM: 

Kpaii dL"'~'^^{c) MHorooSpasHa L"~^^(c) nasbiBaeTca MHoroo6pa3HeM 
paapemeHHH KpHTHnecKHx to^gk OTo6pa>KeHHa c. OTo6pa>KeHHe pari ° 
idL{c)\dL(c) '■ dL"'~^''{c) C dTi S^~'^^/i HasbmaeTca OTo5pa>KeHHeM paa- 
pemeHHa ocoGeHHOCTefl OTo6pa>KeHHa c, oSosnanHM bto OTo6pa>KeHHe nepea 
^^sli^c) '■ dL{c) S'"~^'^/i. OnpeflejieHO KaHOHH^ecKoe flByjincTHoe HaKpbiTne 

PLie) : ^(c)"-^'^ - L(c)"-^^ (33) 

pasBeTBJieHHoe na^ KpaeM dL{c)"'~^''; na^ 3thm KpaeM naKpbiTHe asjiaeTca 
flH(|)4)eoMop(|)H3MOM. HpH 3T0M cjie^yiomaa ^HarpaMMa aBjiaeica KOMMyia- 
thbhoh: 

zZ(e):(^"-''(c),9L"-^^(c)) C (fi,9ri) 
i Pl(c) i Pri 

^z.(,):(L"-4'^(c),9L"-4'^(c)) c (ri,9ri). 

Onpe^ejieHHe no^rpynnti H C 7^/2^^^ 

PaccMOTpHM npocTpancTBO M.'^ c SaancoM (61,62,63,64). BeKTopa 6a3Hca 
yfloGno OTOJK;i;ecTBHTb c SaancHbiMH eflHHHHHbiMH KBaTepHHonaMH (1, i, j, k), 
HTO HHorfla 6yfleT HcnojibSOBaTbca, t.k. nosBOJiHT ynpocTHTb (|)opMyjibi neKO- 
Topbix npeoSpaaoBaHHH. Onpe;i;ejiHM no;i;rpynny 

H C Z/2131 (34) 
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KaK no;i;rpynny npeoSpaaoBaHHH, npeoSpaaoBaHHH cjie^yiomnx ^Byx thhob: 

- B KajKflOH njiocKOCTH (bi = 1,62 = i) i (^3 — j)^4 — ^) flonycKaeTCs 
(saaHMHO HeaaBHCHMbie) npeo6pa30BaHHa, KpaTHbie yMHOJKeHHio na KBaiep- 
HHOH i. rio/trpynny Bcex TaKHx npeo6pa30BaHHH o6o3HaHHM Hepea He, 3to 
noflrpynna H30Mop4:>Ha Z/4 © Z/4. 

- npeo6pa30BaHHe, nepecTaBJiaioinee MejK^y co6oh oflHOBpeivieHHO napy 

6a3HCHbIX BCKTOpOB Bi = 1 H 63 = j H napy 6a3HCHbIX BCKTOpOB 62 = i H 

64 = k, coxpaHfla hx nanpaBjieHHa. 06o3HaMHM 3to npeo6pa30BaHHe Mepe3 
t e He. 

JlerKO npoeepHTb, ^to caMa rpynna H HMeei nopaflOK 32 h aBjiaeica 
noflrpynnoH H C Z/2'^] HH;i;eKca 4. 



Onpe^ejieHHe no^rpynnM H?, C H h MOHOMopcJjHSMa h^^n : la C H. 

Onpe;i;ejiHM roMOMopc|)H3M BKJnoneima ii„,H : la C H, KOTopbiii nepeBO- 
flHT o6pa3yioiu,yio rpynnbi !„ b npeo6pa30BaHHe yMHOJKenHa na KBaTepHH- 
OH i, fleiiCTByiomee oflHOBpeMenHO b KajK^oii njiocKOCTH (ei = l,e2 = i), 
(63 = j,e4 = k). OnpeflejiHM no^rpynny H;, C H KaK cyMMy no^rpynnbi 
ha.n : la C H H no^rpynnbi, nopojK^eHHoii o5pa3yiomeH t G H. JlerKO 
npoBepHTb, HTO caivia rpynna H^ HMeeT nopa^OK 16 n H30Mop(i)Ha rpynne 
Z/4 © Z/2. no;i;rpynna H^ C H HMeeT nn^eKC 2. Onpeflejienbi TaxiKe roMO- 
Mopc|)H3M BKJHOHenna ii„,Hi, ■ la C Hft no^rpynn n roMOMop4)H3M npoeKn;HH 

PH6,Ia : Hft — > la, TaKHe, MTO rOMOMOp4)H3M K0Mn03Hn,HH la Hft ^^^^^ 

aBjiaeTca TOJKflecTBenHbiM. 

Onpe^ejieHHe CTpyKTypnoro OTo6paa<;eHHH ( : L"~^'^(c) — > i^(H, 1) 

OnpeflejiHM OTo6pajKeHHe Cri '■ Ti X(H, 1), xoTopoe Ha30BeM CTpyK- 
TypnbiM OToSpajKenneM "Bspesaiiiioro KBaflpaTa". SaivieTHM, hto BKJiiOHe- 
nne Fi C ^^^^^/i x S""^"^^ /\ HH;i,yu,HpyeT H30]viop4)H3]vi 4)yHfla]vieHTajibHbix 
rpynn, t.k. Kopa3MepHOCTb flnaronajin A5„-2fc/i C 5'"~'^'^/i x S'^^'^^/i paBna 
n — 2/c > 3. CnpaBeflJiHBO paBencTBo: 

7ri(f 1) = //i(f 1; Z/4) = Z/4 e Z/4. (35) 

PaccMOTpHM HHflyn;HpoBaHHbiH aBTOMop4)H3M Tl : ifi(ri;Z/4) — > 
i7i(ri;Z/4). SaMeTHM, hto 3tot aBTOMop(J)H3M ne aBJiaeica TOJKflecTBen- 
HbiM. 3a(|)HKCHpyeM mohomop(J)H3m rpynn Hi{Ti] Z/4) b rpynny He, npn ko- 
TopoM o5pa3yion],aa nepnoro (cooTBeTCTBenno, BToporo) cjiaraeMoro rpynnbi 
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Hi{Ti;X/2) (cm. (l35l) ) nepexo;i;HT b oGpaayiomylo, KOTopaa b CTaH;i;apTHOM 
npe^CTaBJieHHH no;i;rpynnM C H C onpe^ejiena yMHoaceHHeivi na 

KBaiepHHOH i B flByMepHOH njIOCKOCTH (l,i) (cOOTBeTCTBeHHO, B njIOCKOCTH 
(j,k)) H HenO^BHJKHO B flOnOJIHHTejIbHOii njIOCKOCTH. 

JlerKO npoBepHTb, ^to aBTOMop(|)H3M BHemnero conpa>KeHHfl no;],rpynnbi 
He C H Ha npoH3BOJibHbiH sjieMGHT 6 G H \ He, onpe;i;ejieHHbiH 4)opMyjiOH 
X ^— > bxb~^ , nepexoflHT npn nocTpoeHHOM H30Mop(|)H3Me [351 b aBTOMop(|)H3M 
Tl- OyH^aMGHTajibHaa rpynna 7ri(ri) abjiaeTca KBa^paTHHHbiM pacmnpeHH- 
GM rpynnbi 7ri(ri) nocpe^CTBOM 3JieMeHTa 6, h sto pacmnpeHHe oflHoana^HO 
c TOHHOCTbK) flo H30Mop4)H3Ma onpe^ejiaGTca aBTOMop(J)H3MOM T^. riosTOMy 
7ri(ri) ~ H H, 3HaHHT, onpeflejieHO OTo6pajKeHHe (n '■ Ti 1). 

HeTpyflHO npoBepHTb, hto OToSpajKeHne Crjari npHHHiviaeT 3HaHeHHa b 
noflnpocTpancTBe K{lih, 1) C -^'(H, 1). OTo6pa>KeHHe (n HHflyii;HpyeT oto6- 
pa>KeHHe C : (L"-^'=(c), 9L"-^'=(c)) ^ (ir(H, 1), ir(Hb, 1)), KOTopoe nasoBeM 
CTpyKTypHbiM OToSpaiKeHHeM. TaKJKe neTpy^HO npoBepHTb, hto roMOTonn- 

^ecKHH Kjiacc KOMno3Hn,HH dL'^~^^{c) — ^ i^(H;,, 1) 1) coBna- 

flaeT c OTo5pajKeHHeM rj o reSc ■ dL"-~^^{c) S'"^^'^/i — ^ K{Ia, 1), koto- 
poe onpe^iejiaeTca KaK KOMno3Hii;Ha OToSpajKenHa pa3pemeHHa ocoSeHHO- 
CTeii reSc : dL^cY'"^^ —>■ S^^^^/i h BjioacenHa ocTOBa rj : S^~'^^/i C K{Ia, 1) 
B KjiaccHcjDHitHpyiomee npocTpancTBO. 

Onpe^ejieHHe KBaTepHHOHHoii CTpyKxypbi p^Jis OTo6pa>KeHH5i c : 

gn-2k j-^ — > M" C 0C06eHH0CTbK) 

HycTb c : S"'~'^^/i — > M"- KycoHHO-jiHHeiiHoe OToSpajKeHne oSmero nojioace- 
HHa, BOoSme roBopa, HMeioinee KpnTHHecKne tohkh, k = (mod 2). HycTb 
MHoroo6pa3He L"~^'^(c), BOoSme roBopa, c nenycTbiM KpaeM dL'^~'^^{c) abjia- 
GTca MHoroo5pa3HeM to^gk caMonepeceMeHHa OTo6pa>KeHHa c. OTo6pa>KeHHe 
Kmc) ■■ (L'^-^^(c),aL'^-^'=(c)) ^ (ir(H,l),ir(H5,l)) Ha3biBaeTca mm- 
necKOH CTpyKTypoH OTo6pa>KeHHa c, ecjiH Aa i(c) y;i;oBJieTBopaeT KpaeBOMy 
ycjiOBHio: 

'^a,L(c)|9L"-4fc(c) = {iUtJa ° '^a,L{c))\dL"-'^'= (c), (36) 

rfle 77 : S^~'^^ K{la, 1) - xapaKTepncTHHecKoe OToSpajKeHne o6pa3yioiii;ero 
KJiacca KoroMOJiorHH (BKJiiOHeHHe ocTOBa b KJiaccH4)Hii;Hpyioiii;ee npocTpan- 
CTBo), iia,Ub • -^(la, 1) C i^(Hf,, 1)- OTo5pa>KeHHe KjiaccH(|)Hn,HpyiomHx npo- 

CTpanCTB, HHflyn,HpOBaHHOe rOMOMOp4)H3MOM BKJIIOHeHHa il^^Ut '■ la C Hfo H, 
KpOMG TOrO, BbinOJIHGHO ycjiOBHe: 

{KMc)(tydL''-''{c),dL-'\c)]) = l, (37) 
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rfle t G H'^~'^^{K{Qa, 1), K{la,l)]Z/2) - npoHSBOJibHbm KJiacc ko- 
roMOJiorHH, KOTopbiii nepexo;i;HT b oSpaayiomHH KJiacc KoroMOJiornii 
B rpynne iJ"~^'^(-ft'(Qa, 1); Z/2) npn HHflyn,HpoBaHHOM roMOMop(|)H3- 
Me f : H^-^''{K{QaA),K{Ia,iy,Z/2) i/-4'=(i^(Q„, 1); Z/2), 

[L"~^'^(c), (9L"~^'^(c)] - OTHOCHTejibHbiH 4)yHflaMeHTajibHbiH n,HKji MHorooS- 
paana. 

CjieflyiomHe flbe jigmmm HeoSxo^HMbi ^Jia npoBepKH KoppeKTHOCTH onpe- 

^ejieHHH II,HKJIH^eCKOH H KBaTepHHOHHOH CTpyKTypbi. 

JleMMa 18. XapaKmepucmunecKoe hucao, onpedeAeuHoe Aeeou nacmbw 
cfjopjuyAU He saeucum om eu6opa KAacca kosomoaosuu t G 

/7"-2'=(ir(I„,l),is:(Id,l);Z/2), dAfi Komoposo j*{t) G H''~^''{K{laAy,^/'2) 
fieAfiemcsi o6pa3ywinuM kagccom. 

JleMMa 19. XapaKmepucmunecKoe hucao, onpedeAeuHoe Aeeou Hacmbw 
(fjopMi/AU (fgTll . He saeucum om eu6opa KAacca kosomoaosuu t G 
i/"-^'=(fs:(Qa,l),/s:(Ia,l);Z/2), dAH Komoposo f (t) G if"-^'=(/s:(Q„,l);Z/2) 
neAmmcn o6pa3ywmuM KAaccoM. 

/^OKaaaTejibCTBO JleMMbi 1181 

^GHCTBHTejibHO, npH ^pjTOM Bbi6ope t' nojiyHHM, ^TO t — t' G lm5* : 
H^-'''-\K{ld,iy,Z/2) ^ i7"-2'=(ir(I„l),ir(I,,l);Z/2)). Cjie^OBaTejib- 

HO, KJiacc - e H--^\N-^\d),dN-^\d)-'L/2)) no- 

jiyncH B peayjibTaTC npHMeneHHa KorpaHHHHoro roMOMop4)H3Ma 6* : 

^n-2fc-l(^^jYn-2fe(^).^/2) H"^-"^^ {^-^^ {d) , 3 ^-"^^ {d)] Z / 2) K HCKOTOpO- 

My ajieMCHTy x = r;],e g G 1); Z/2) - oSpaayiomHH 

Kjiacc KoroMOJiorHH. Tenepb saivieTHM, ^to roMOMop(|)H3M 

{^^ia,Nid)\^Nid)y : i^"-''=-^(ir(I,,l);Z/2) ^ i7""2fc-l(^^n-2fc^^).^/2) 

aBJiacTca TpHBHajibHbiM. ^Jia SToro flOKajKeivi, hto no;i;MHoroo6pa- 
3He dN^~^^{d) C MP"^'^ npe;i;cTaBJiaeT nyjieBofi roMOJiornHecKHfi 
KJiacc. Hcxo;i;a 113 reoMeTpiinecKoro CMbicjia xapaKTcpncTHHecKHx KJiac- 
coB IIlTH4)ej[fl-yHTHH (cM. [M-S], naparpacj) 12), Kjiacc [dN^~'^''{d)] G 
if„_2A;-i(KP"~'^; Z/2) flBOHCTBCHHeH B CMbicjic HyaHKape xapaKTepiicTHne- 
CKOMy KJiaccy tt;fc+i(MP"^~'^) IIlTH(|)ejia-yHTHH HopMajibHoro paccjiocHHa na^ 
MP"^^, nocKOJibKy abJiacTca KJiaccoM roMOJiorHH, npenaTCTByiomHM k no- 
CTpoeHHK) peflyKii;HH CTa5HJibHoro HopiviajibHoro paccjioeniia BToro mho- 
roo6pa3Ha HopMajibHoro paccjioeniia pa3MepH0CTH k. BcnoMHHM, hto 
n = 2' — 1, noBTOMy caMbiH CTapniHH xapaKTepiiCTHHecKHH Kjiacc iZ;*(MP"~'^) 
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(nopMajibHoro paccjioeHHa) HivieeT pasMepnocTb k h Wfc+i(MP"~'^) = (Ha- 
npniviep, b npocTefimeM cjiynae n = 4, k = 1 nojiy^HM iZ;2(IKP^) = 0.) JleiviMa 
[TSl flOKaaana. 

^OKaaaTejibCTBO JIgmmm [19] anajiornHHO h onycKaeTca. 



HycTb d : HP""^ — > - KycoHHO-JinneHHoe OTo6pa>KeHHe oSmero no- 
jiojKeHHa, (iV"~^'^((i), (9A^"~^^((i)) - MHorooSpaane c Kpaeivi ;i;BOHHbix ToneK 
caMonepeceneHHa OToSpajKenHa d. HycTb 3a;i;aHH0 OToSpajKeHne i^a,N{d) '■ 
(Ar"-2'^(d),9A^"-2'=(d)) ^ {K(la,l),K(Id,l)), yflOBJiGTBopaiomee rpaHHHHO- 
My ycjiOBHK) f l29p . HaM noTpe6yeTca KpHTepHit npoBepKH Toro, hto OToSpa- 

JKGHHe jJ,a,N{d) y^OBJIGTBOpaeT yCJIOBHK) f l30l ). 
PaCCMOTpHM flByjIHCTHOe HaKpblTHe 

p„ : iVr''(f/) ^ iV"~2'=(t/), (38) 

HHflyn,HpoBaHHoe h3 yHHsepcajibHoro ^ByjiHCTHoro naKpbiTHa 

K{I,, 1) 1) (39) 

KJiaccH(|)Hii;Hpyioiii;Hx npocTpancTB OToSpajKeHHeivi ^a,N(d) '■ N^~'^^{d) 
K(Ia, 1). HocKOJibKy BbinojiHeno rpaHHHHoe ycjiOBne (1291) . orpaHH^eHHe na- 
KpbiTHa (1381) Ha Kpafi dN"'~'^^{d) OKasbiBaeTca TpHBnajibHbiM ;i;ByjiHCTHbiM 
naKpbiTHeM. SaivieTHM, hto b cjiy^ae, Kor^a CTpyKTypnoe OTo6pa>KeHHe 
rj : N^~'^^{d) 7^^(04,1) aBjiaeTca n,HKjiH^ecKHM, naKpbiTHe (l38ll coBna- 
^aeT c KanoHH^ecKHM ^ByjiHCTHbiM naKpbiTHeM, onpe^ejienHbiM 4)opMyjiOH 

PaccMOTpHM OTo6pa>KeHHe Jia,N{d) '■ N'^~'^^{d)a —>■ K{ld, 1) HaKpbiBaio- 
mnx HpocTpancTB, KOTopoe flByjincTHO naKpbiBaeT OTo5pa>KeHHe l^a,N{d) '■ 
N"'~'^^{d) K(la,l) npn ^ByjiHCTHbix naKpbiTHax (l38l) . ( 139|) na;; npooS- 
paaoM H oSpaaoM OTo6pa>KeHHa Ha,N{d)- Onpe^ejiHivi aaMKHyToe MHorooSpa- 
3He _R"-2A: peayjibTaT HOflKJieiiKH k MHorooSpaanio N^~'^^{d)a H;HJiHHflpa 
(jn-2k ^ByjiHCTHoro HaKpbiTHa dN'^~'^^{d)a dN'^~'^^{d) B^iojib oSmero Kpaa 
dN'^~'^'^{d)a = dC'^^'^^. OHpe;],ejiHM OTo5pa>KeHHe /x^ : ^"-^fe _^ K(ld, 1) KaK 
peayjibTaT ckjighkh OToGpajKenna fia '■ N^~'^^{d)a K{ldi 1) c OTo6pajKeHH- 

r;],e pc '■ C"'~'^^ — > dN'^~^^{d)a - HpoeKn,Ha u^mmnpTpa na ocHOBaHne. Oyn^^a- 
MeHTajibHbiH n,HKji MHorooSpaana oSoana^HM ^epea [R]. 
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JleMMa 20, /I,jiH omo6paMceHUH fia,N{d) '■ ^''{d),dN^ ^^{d)) 

{K(Ia,l), K{Id,l)) paeeHcmeo {\30{) aKeueaAenmHO moMy, KJiacc zomoaozuu 

sieAsiemcji o6pa3yK>muM. 
/^OKasaTejibCTBO JleMMbi 1201 

Ha rpaHH^Horo ycjiOBHa (I29p BbiTCKaeT, ^to Kjiacc roMOJiorHii 
fia,N{dy,*{[dN''~'^''{d)]) B rpynne if„_2fc-i(i^(Id, 1); Z/2) paBen nyjiio (cm. 

BKBHBajieHTHoe yTBepjK^eHHe fljia KJiaccoB KoroMOJiornH b JIgmmg [TSll . 

EycTb W'^~'^^ MHorooSpaane c KpaeM dW^~'^^ = dN^~'^^{d). OSosHanHM 
^epea 

^ : ^ K{ld, 1) (40) 

CHHryjiapHbiH OTHOCHTejibHbiii n,HKji, ocymecTBjiaiomHH roMOJiornio ny- 
jiK) CHHryjiHpnoro n,HKjia ^p\Q^ln-2k = Ha^N{d)\dN"-^'^(d) B noflnpocTpancTBe 

06pa3 4)yHflaMeHTajibHoro KJiacca npn OTo5pa>KeHHH {i^a,N{d) ip) : 
iV^-^^jd) Ud iy"-2fc ^ 1) o6o3Ha™ ^epea x E iJ„„2fc(^(Ia, 1); Z/2). 

O^eBH^HO, ^To npH J11060M Bbi6ope OTHOCHTejibHoro n,HKjia fl40p ycjiOBHe 
(i30ll . nepe4)opMyjiHpoBaHHoe ^Jia cooTBGTCTByiomHx a6cojiiOTHbix KjiaccoB 

rOMOJIOrHH, COCTOHT B TOM, HTO KJiaCC TOMOJIOrHH X G if„_2A; (-^^(la; 1) ! ^/2) 

aBJiaeTca o6pa3yioiii;HM. 

PaccMOTpHM flByjiHCTHoe HaKpbiTHe Jia,N{d) <^ : iV"'~^*''((i)a Ua ly"^^'^ — ^> 
i^(Id, 1) nafl OTo5pa>KeHHeM jjLa,N{d) HHflyn,HpoBaHHoe h3 naKpbiTHH 

ii'(Id, 1) — > Kila-i 1) Ha;], npocTpaHCTBOM-o5pa30M OTo5pa>KeHHfl jjLa,N{d) Uav'. 
06pa3 (|)yHflaMeHTajibHoro KJiacca npn stom OTo5pa>KeHHH o5o3HaHHM ne- 
pe3 X G if„_2fc(-ft'(Id, 1); Z/2). Sjigmght x sBJiaeTca o6pa3yioiii;eH, Tor;i;a h 
TOJibKO Tor;i;a, Kor^a x aBJiaeTca o5pa3yioiii;eH. 

C ;i,pyroH CTopoHbi, Kjiacc roMOJiorHH x npeflCTaBjien o6pa30M 4)yHfla- 
MGHTajibHoro KJiacca npn OToSpajKCKHH /xj^ : ^"-^fc _^ K{\d,l). JIcMMa [20l 
flOKa3aHa. 

HycTb c : S'^~'^^/i — M" - KycoHHO-JiHHeftHoe OToSpajKCHHe o5mero no- 
jiojKeHHa, {L"'~^^{c),dL"-~'^''{c)) - MHoroo6pa3He c KpacM ^iBOHHbix tohck 
caMonepeceneHHa OTo5pajKeHHa c. HycTb 3a;i;aHH0 OToSpajKCHHe Xa,L{c) '■ 
(L"'~^'^(c), 9L"'~^'^(c)) — * {K{Qa,l), K{Ia,l)), y^iOBJieTBopaioinee rpannHHO- 
My ycjiOBHK) fl36p . HaM noTpeSycTca KpHTcpHH npoBcpKH Toro, hto OToSpa- 

JKCHHC Xa,L{c) y^OBJICTBOpaCT ypaBHCHHIO (i37l ). 
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PaCCMOTpHM flByjIHCTHOe HaKpblTHe 

Pa:L:-''{c)-^L--'\c), (41) 

HHflyii;HpoBaHHoe h3 ynHBepcajibHoro ;i;ByjiHCTHoro HaKpbiTHa 

K{I,,1) ^ K{Q,,1) (42) 

KJiaccH(|)Hii;Hpyioiii;Hx npocTpancTB OTo6pa>KeHHeM Xa,L{c) '■ L'^~'^^{c) —>■ 
K{QaA)- HocKOJibKy BbinojiHeno rpannHHoe ycjiOBne fl29l) . orpanHHeHne 
HaKpbiTHfl (14 ip Ha Kpaii dL"'~^^{c) OKasbiBaeTCH TpHBHajiBHbiM ^ByjincT- 
HbiM HaKpbiTHeM. SaMGTHM, HTO B cjiy^ae, Korfla CTpyKTypnoe OTo5pa>KeHHe 
( : L"~^'^(c) K('Ij/2^^\1) HBjiaeTca n,HKjiHHecKHM, HaRpbirae ( 14T]) coBna- 

flaeT C KaHOHHHeCKHM ;i;ByjIHCTHbIM HaKpbiTHeM, OHpe^ejieHHbiM 4)0pMyjI0H 

dSHD. 

PaccMOTpHM OTo6pa>KeHHe Xa,L{c) '■ L'^~'^^{,c)a K{la, 1) HaKpblBaiO- 
in,Hx npocTpancTB, KOTopoe ^ByjincTHO naKpbiBaeT OTo5pa>KeHHe \a,L(c) '■ 
L^~'^^{c) — > K{Qa,l) npn ^ByjincTHbix naKpbiTHax (l4Ti) . (l42il na^i, npooS- 
paaoM H oSpaaoM OTo6pa>KeHHa Xa,L{c)- OnpeflejiHM aaiviKHyToe MHorooSpa- 
3He KaK peayjibTaT noflKJieiiKH k MHoroo6pa3Hio L'^~^^(c)a ii;HJiHHflpa 

(jn-4k ^ByjiHCTHoro HaKpbiTHa dL"'~^''{c)a ^ 9L""'"^(c) BflOJib o6iii;ero Kpaa 
dL'^~'^^{c)a = dC^~'^^. OnpeflejiHM OTo5pa>KeHHe \fi : BJ^-^^ K{Id, 1) KaK 
peayjiBTaT ckjighkh OTo5pa>KeHHa Xa,L{c) '■ L'^~'^^{,c)a — ^ K{la, 1) c OTo6pa>Ke- 

HHGM 

Ffle pc '■ C^~'^^ — > dL"'~*^{c)a - HpoeKH;Ha H;HJiHHflpa na ocHOBaHne. OyH^ia- 
MeHTajibHbiH n,HKji MHorooSpasHa R^-'^^ oSoana^HM ^epea [E]. 

JleMMa 21. Jl,.aH omo6pacHceHUH \a,L(c) '■ {L^~^''{c), dL^'~^^{c)) 
{K{Qa, 1)5 -^(la; 1)) paeeHcmBO ( TfTjj 9Keuea./ieHmH0 moMy, KAacc somoaosuu 

A^,,([i?])ei/„_4fc(i^(Qa,l);Z/2) 

HejiHemcn o6pa3yioiu,UM. 

/^OKaaaTejibCTBO JIgmmbi [2T] anajiornHHO flOKaaaTejibCTBy JIgmmbi [20] h 
onycKaeTca. 

npefljio:aceHHe 22. Upu k = (mod 2), k > 8, npouaeoAhHuu aAeMenm 
zpynnu Imm^^ [n — k, k) npedcmaeAeu CKOiueHHO-ocnaineHHUM nozpyMceuu- 
eM (/, K, S), donycKawmuM v^uKAunecKyw cmpyKmypy e cmucae OnpedeAe- 
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npe^jio:aceHHe 23. IIpu k = (mod 2), 10k — 1 > n, k > 8, npo- 
useoAbHuu sjieMenm zpynnu ImmP*{n — 2k, 2k), Jieotcavnuil e o6pa3e so- 
MOMop4>U3Ma 5 : Imm'^^ {n — k,k) — > ImmP*{n — 2k, 2k), npedcmaeAen 
4^-ocHaiJneHHUM nospyjtcenueM {g,rj,'^), donycKawmuM KeamepHUOHHyw 
cmpyKmypy e CMUcjie Onpedejienun [771 



/l^OKaaaTejibCTBO npe^jiOKenHH 1221 [231 ocnoBbiBaeTCfl na cjie^CTBHH cjie- 
flyiomero npHHn,Hna njiOTHOCTH noflnpocTpancTBa norpy>KeHHH b npocTpan- 
CTBe HenpepbiBHbix OTo6pa»ceHHH c KOMnaKTHO-OTKpbiToii TonojiorneH, cm. 
[Gr, npe;i;jiojKeHHe 1.2.2 ]. 

npe^jio:a<;eHHe 24. nycmt Jq : M ^ N sAadKoe nospycHceHue ueMcdy 
aaMKuymuMU MHoeoo6pa3usiMU, npuneM MHOsoo6pa3ue N cHadMceuo Mem- 
puKou b u dim(M) < dim(A^). Uycmti g : M ^ N Henpepuenoe omo6pa- 
Mcenue, zoMomonnoe nozpyMceHuto /q. Tozda Ve: > naudemcH nospyotce- 
Hue f : M N , pesyAsipno zoMomonnoe nospycHceHuw Jq, Bah Komopozo 
dist((7; /)(70 < e 6 MempuKe npocmpaHcmea omo6paotceHuu, UHdy%upoeaH- 
Hou MempuKou b. 

HaM noTpeSyeTCfl cjieflyiomee cjie^CTBHe HpefljiojKeHHH 24. 

CjieflCTBHe 25. Uycmti (/', n, E') - npouseoAbuoe CKomeHHO-ocHavneHHoe 
nozpyMcenue, sde f : M"^^ S-^ R", npedcmaeAHtomiee aAeMeum [(/', k,E')] G 
Imm'^^ {n — k,k) u nycmh f\ : M"-~^ — > - npouseoAbHoe Henpepuenoe 
omo6pacHcenue. Tozda Bah npouaeoAhnozo (cKOAt ysodno MaAoso) e > cy- 
mecmeyem CKomenno-ocnaw^ennoe nozpyMcenue (/, k, S), zde f : M^~^ R-^ 
M" - nozpyMcenue moso Mce Mnosoo6pa3UM, npedcmaeAHWW^aH mom otce 3Ae- 
Menm [(/', k, E')] G Imm'^f {n — k,k), npuneM eunoAneno ycAoeue 

dist(/i;/) <£. (43) 
/^OKasaTejibCTBO Cjie^CTBHa [251 

Ho npeflJiojKeHHK) 24 cymecTByeT norpy»ceHHe /, peryjiapno-roMOTonHoe /' 
fljia KOToporo BbinojineHO ycjiOBne (H3l) . Peryjiapnaa roMOTonna CKomeHHO- 
ocnameHHoro norpyjKenHa npoflOJi>KaeTca peryjiapnoii roMOTonHH b Kjiac- 
ce CKomeHHO-ocHameHHbix norpy>KeHHH. HoaTOMy / aBjiaeTca CKOinenHO- 
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OCHaiHeHHblM H SJieMGHTM [(/', K, H')] , [(/, K, H)] paBHM. Cjie^CTBHe [25] JO- 

KaaaHO. 

HaM TaK>Ke noTpeSyeTca cjie^yiomaa jieMMa (OcHOBHaa JleMMa), ^OKa- 
saTejibCTBO KOTopoii npoBO^HTCii B paa^ejie 3. 

JleMMa 26. IJpu k = (mod 2), k > 8, cyvu,ecmeyem nycoHHO-AUHeuHoe 
omo6paotceHue d : KP"'~^ ^ (c oco6eHHOcmb'io) o6ineso noAootcenuH, do- 
nycKawvuee v^uKAUHecKyio cmpyKuiypy. 

BbiBO/i; npe/];ji05KeHHH 1221 h3 JleMMbi 1261 

PaccMOTpHM OTo6pajKeHHe d : MP"^'^ M", nocTpoeHHoe b JleiviMe 26. Pac- 
CMOTpHM npoH3BOJibHbiH sjieMGHT rpynnbi Imm^f [n — k, k), npeflCTaBJienHbifl 
norpy>KeHHeM /' : M^~^ S-s- M" co CKomenHbiM ocnameHHeM (k, S'). Pac- 
CMOTpHM xapaKTepHCTH^ecKHH Kjiacc K : M^~^ MP"~'^ SToro CKomeHHoro 
ocHameHHa h paccMOTpHM OToSpajKenne /i : M""'^ M", onpeflejieHHoe KaK 
KOMno3Hii;Ha fi = d o k. 05o3HaHHM nepea e nojiojKHTejibHoe hhcjio, mhofo 
MGHbinee pa;i;Hyca neKOTopoH peryjiapnoH OKpecTHOCTH UN{d) nojiHB^pa N{d) 
(noflMHoroo6pa3Ha c ocoSeHHOCTaMn) to^gk caMonepece^enHa OTo6pa>KeHHa 
d. 06o3HaHHM ^epe3 gN{d) '■ N{d) S-> napaMeTpH3yiomee norpy>KeHHe no- 
JiH3flpa TO^eK caMonepece^eHHa. Bocnojib3yeMca Cjie^CTBHeivi [25] h onpe^e- 
jiHM CKomeHHO-ocHameHHoe norpyjKeHne / : M^~^ S-^ R", npe;i;cTaBJiaioiii;ee 

HCXOflHblH SJieMGHT [(/', K, S')] H npH 3T0M TaKOG, HTO BbinOJIHeHO yCJIOBHe 

((43]). 

PaccMOTpHM MHoroo6pa3He ]\f^~'^^ to^gk caMonepeceneHHa norpyjKenHa 
/, onpeflejieHHoe no (|)opMyjie ([2l). Onpe^ejieno norpyjKenHe g : A^"-2A: j^n 
MHoroo5pa3He A^"-2fc npe^CTaBHM b BH^e o6'be;];HHeHHa flbyx no^MHorooS- 
pa3HH A^"-^'^ = N^y'^'^UN^-'^'' no oSnien nacTn ^paHH^bI dN^-J'' = dN^-"^^ . 
Bee 3TH MHoroo5pa3Ha e Kpaeivi onpe^ejinM ;i;ajiee. 

JXjih npoeTOTbi o6o3na^enHH npe^nojioJKHM, hto pa^nye peryjiapnoii no- 
rpyjKennoH OKpeeinoeTH norpy>KenHa Mnoroo6pa3Ha e KpaeM N^~'^^{d) to- 
HeK eaMonepeeenenna OToSpajKenna d (B;i;ajiH ot KpnTHneeKHx 3HaMeHHH 
SToro OToGpajKenna T.e. Kpaa dN^~'^^{d)), pa;i;Hye peryjiapnon norpyjKenHon 
OKpeeTHoeTH norpyxcenna, nojiynennoro orpannHenneM OToGpajKenna d Bne 
peryjiapnoii OKpecTnocTn KpnTn^ecKHx ToneK n pa^nye caMon peryjiapnoii 
BjiojKennoii OKpecTnocTn KpninnecKnx 3nanennH OTo5pa>Kenna d pannbi e. 

0603HaHHM yKa3aHHbie OKpeCTHOCTH Hepe3 UN{d) Ud, UgN{d) COOTBeTCTBennO. 

Onpe^ejiHM N^'^f^ KaK MaKCHMajibHoe no;i;MHoroo5pa3He c KpaeM, hto- 
6bi o5pa3 g{N'^^^f^) jiejKaji b peryjiapnoii norpyxcennoii e-OKpecTnocTH ToneK 
caMonepecenenna OTo6pa>KenHa d. 3to 03nanaeT, nTO cymecTnyeT Bj[o>Kenne 
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^cyci *^ ^7V(d) 5 KOTopoe npH KOMno3Hii;HH c napaMeTpH3yioiii;HM norpyjKeHH- 
GM OKpecTHOCTH nepexo;i;HT b orpanHHeHne norpyxceHHa MHorooGpaana ca- 
Monepece^eHHfl na 3to no^MHorooSpasHe. JlerKO onpe^ejiHTb OTo5pa>KeHHe 
iKy~d''^9N^y~d^) (Ar"-2'=(d),aiV'^-2fc(ci)), npH KOTopoM npoo5pa3 KHm- 

flOH TO^KH COCTOHT H3 napbl TOHCK, o6pa3bI KOTOpblX npH OTo5pa>KeHHH K 
e-6jIH3KH Ha MP"~'^. 

Onpe^iejiHM N^~'^^ KaK ocTaBinyioca nacTb MHoroo5pa3Ha A^"-2fc^ o6pa3 
KOTopoii npH OTo5pa>KeHHH g pacnojio>KeH b OKpecTHOCTH Ud (norpy>KeH- 
hoh) MHOJKecTBa peryjiapHbix 3HaHeHHH OTo6pa>KeHHa d (bbime mm npHBejiH 
onpe^ejieHHe ^Jia anajiornHHoro cjiynaa) hjih bo BjioaceHHOH OKpecTHOCTH 

UdN(cl)- 

ripeflnojiojKHM, HTO norpyjKeHHe g : N"'~'^^ R-^ TpancBepcajibHO B;i;ojib 
dUM{d)- Torfla oGmaa rpaHHii;a dN'^~2^ = dN^""^^ norpyjKena b rpaHHii;y 
peryjiapnoii OKpecTHOCTH UdN(d)- 

MHoroo6pa3He A^"-2fc cHa6>KeH0 xapaKTepHCTmecKHM OTo6pa»ceHHeM 
rjjq : iV"~^'^ — > i^(D4, 1). JlerKO npoBepHTb, hto xapaKTepncTHHecKoe oto5- 
pajKCHHe T^AT, orpaHHHeHHoe na noflMHoroo6pa3He Nj~'^^ C iV"~^'^, roMOTon- 
HO OTo5pa>KeHHio B no;i;npocTpaHCTBO Kil^, 1) C 7^(04, 1). 

CTpyKTypnoe OTo6pa>KeHHe rjN{d) '■ N'^~'^^{d) — > K{Tii, 1) npo;],oji>KaeTca 
c N^~^^{d) flo OTo6pa>KeHHfl Vu^^a) '■ ^Nid K(D4, 1). HpH btom orpanH^e- 
HHe rjug^^^^ : UQM{d) -ft'(D4, 1) roMOTonno OTo6pa>KeHHio b no^npocTpan- 

CTBO K{\,1) C i^(D4,l). 

HeTpyflHO npoBepHTb, hto xapaKTepncTHHecKoe OToGpajKenne r/^v : 
j\jn-2k _^ 7^(04,1), orpaHH^eHHoe na no;i,MHoroo5pa3He N^y^f^ onpe;],ejieHO 
KaK orpaHHHeHHe CTpyKTypnoro OTo5pa>KeHHfl VuN{d) '■ UN{d) -^(D4, 1), 
nocKOJibKy g{N^~J'') jig^kht b UN{d)- 

Ho ycjiOBHK) onpe;i;ejieHa ii;HKJiHHecKaa CTpyKTypa OToSpajKenna d. Str 
CTpyKTypa onpe^ejiena OTo5pa>KeHHeM fia,N{d) '■ {N"-~'^^{d),dN"-~'^^{d)) — » 
(K (la, 1), K (1(1,1)). OTo6pa>KeHHe j^a,N(d) npoflOJiJKaeTca ^o OTo6pa>KeHHa 

f^a,UN^a) '■ {UN{d),UaN{d)) {K (Ja, I) , K (Id, 1)) . HpH 3T0M H3 yCJIOBHa 1^ 

BbiTGKaeT, HTO OTo6pa>KeHHa l^a,UM(d)\uaN(d) ^ v\ugM(d) roMOTonnbi. XapaKTe- 
pHCTHHecKoe OTo5pa>KeHHe VN{f)\N,y,icN{f) ■ N^y~d^ ^ -ft'(D4, 1) ^mj^jmpo- 
Bano CTpyKTypHbiM OTo5pa>KeHHeM i]UM(d) bkjuohghhhh N^~^^ C UN{d)- 
Cjie;i;oBaTejibHO, OToSpajKenna jJ^N^y^i ^ Vnj mojkho ckjightb b o;i;ho OToSpa- 
jKenne /i^ : N'"'^'' K{Ia, 1). 

^OKajKGM, HTO OToGpajKCHHe fia Onpe^^GJiaGT Ii;HKJIHHeCKyiO CTpyKTy- 

py flJia (/, K, S) B CMbicjie Onpeflejienna [TOl PaccMOTpHM OTo6pa>KeHHe 
MHoroo5pa3HH c KpaeM, KOTopoe onpe^ejiaeTca KOMno3Hn,HeH BKjiiOHeHHa 
H npoeKn,HH peryjiapnoH OKpecTHOCTH na n,eHTpajibHoe noflMHoroo5pa3He: 
F : {N,y,i,dNcyci) C {UNid),U9Nid)) (iV«-2'=(d),9iV«-2'=(ci)). H3 sjie- 
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MGHTapHbix reoMeTpHHecKHx coo6pajKeHHH BbiTCKaeT, hto 3Ta CTenenb BToro 
OTo6pa>KeHH5i coBna^aeT co CTenenbio OToSpajKeHHa k : M'"-~^ MP"~^ T.e. 
c h{f,'E,K). C flpyrofi CTopoHbi, xapaKTepncTH^ecKoe ^hcjio h^^^k, nocHH- 
TaHHoe no (J)opMyjie (1231) . BbiHHCJiaeTca KaK CTenenb deg{F) OTo5pa>KeHHfl 
F. /l^oKaaaTejibCTBO BbiTexaeT h3 JIgmmbi [20] h paBencTBa (1301) . 
IlpefljiojKeHHe [22] ;i;oKa3aHO. 

JleMMa 27. Upu k = (mod 2), n < lOA; — 1, k > 8, cymecmeyem nycoHHO- 
AuneuHoe omo6pacHceHue : S'"~^'^/i ^ (c oco6eHHOcmb}o) o6mezo noAO- 
donycKQwmee KeamepHUOHHyw cmpynmypy. 

/l^OKaaaTejiBCTBO JIgmmbi (1271) anajiorH^no ^OKaaaTejiBCTBy JIgmmbi (1261) . 
OHO TaK>Ke npoBO^HTca b paa^ejie 3. 

BbiBO/i; npe/];jio>KeHHH [23] h3 JleMMbi 1271 

PaccMOTpHM CKomeHHO-ocHameHHoe norpyjKenHe (/, k, S), TaKoe, hto 
5([(/, S)]) = [((yfi : N^-"^^ q-^ M"-,?], npeflCTaBjiaeT flanHBiii sjieivieHT h3 
rpynnBi ImmP^^n — 2k, 2k). Ho npe;i;jiojKeHHio 22, He orpannnHBaa o6iii;ho- 
CTH, MOJKHO CHHTaTB, HTO norpyiKGHHe / : M"'~^ S-^ ;i;onycKaeT ii;HKJiHHe- 
CKyio CTpyKTypy. PaccMOTpHM OToGpajKenne c : S'"~^'^/i M", nocTpoennoe 
B JleMMe ([27ll h paccMOTpHM norpy>KeHHe g : A^"~2fc c:|_^ j^n^ onpe^ejienHoe 
B peayjiBTaTe npHMeneHHa npeflJio>KeHHa [22] k OTo6pa>KeHHio KOMno3Hn,HH 

PaccyjKflaa no anajiornn c ^OKaaaTejibCTBOM npefljiojKenna [22], saKJiio- 
HaeM, HTO onpe;i;ejieHa KBaTepHnonnaa CTpyKTypa D4-ocHani;eHHoro norpy- 
jKenna [{g,ri,'if)]. rTpemioacenne [23] ^OKaaano. 

^OKasaTejibCTBO TeopeMbi [9] 

PaccMOTpHM CKomenno-ocnan],ennoe norpyjKenne (/, TaKoe, hto 

(5([(/, K, S)]) = [(^f : A^'^-2fc c|_i. ]R",ry, ^)] npe;],CTaBjiaeT ;i,annBiH sjieivienT 
H3 rpynnBi ImmP'^{n — 2k, 2k). BocnojiBayeMCfl npeiiJio>KenHeM [23] n npe^- 
CTaBHM sjieMGHT [((yf, ?], \l/)] D4-ocHain;eHHbiM norpyjKeHHeM, flonycKaioni;HM 
KBaTepHHOHHyio CTpyKTypy. 

BbiSepeM naTypajibHoe SHaHeHne k TaKHM, hto n — 4k = 31, k > 8, 
HTO B03MO>Kno B npeflnojioJKenHH n > 63. 05o3nanHM nepea - Mnoro- 
oSpaane caMonepecenenna norpyjKenna g. PaccMOTpHM OToSpajKenne Xa '■ 
L^^ — i> S'^^/Qa, KOTopoe saflaeT KBaTepHHOHnyio CTpyKTypy ji^jisi {g,r],^!) n 
nocTpoeno b npefljioxcennn [23l HpeflnojiojKHM, hto Aq aBJiacTca TpancBcp- 
cajibHbiM B;i;ojib noflMHorooSpaana C S'^^/Q^. PaccMOTpnM b mho- 

rooSpaann L^^ no;],Mnoroo6pa3He K'' C L^^, onpe;],ejiennoe no 4)opMyjie 

= X'^i^S"^ /i). Onpe;],ejiHM = Aaj/fT. 
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/l^OKajKeM, HTO MHoroo6pa3He K HivieeT HopiviajibHoe paccjioeHne 6(p*x+- 
PaccjioeHHe x+ Ha^i; K{Q,a, 1) HMeeT paaiviepHOCTb 4 h onpeflejieno b Hanajie 
pasflejia 4. HopMajibHoe paccjioeHne ul h30mop4)ho paccjioenHio k(*u, rp^e 
uj : E{uj) K{'L/2^^\l)- KaHOHH^ecKoe 4-MepHoe paccjioenHe, onpe^ejien- 
Hoe B pa3;i,ejie 4 nepe^ npe;i,jio>KeHHeM [42l ^ : L^^ — ^ i^(Z/2[^l, 1) - xapaK- 
TepHCTHHecKoe OToSpajKeHne, KJiaccH4)Hii;Hpyioiii;ee HopiviajibHoe paccjioeHne 
MHorooSpaana Li^^ . 

JlerKO npoBepHTb, ^to k = — 7 h /c = (mod 8). Ho Hpe^jioiKeHHio 
[42]3aKjiioqaeM. hto paccjioenHe unIk TpHBnajibHO. HopMajibHoe paccjioenHe 
MHoroo5pa3Ha H30Mop(J)HO cyMMe Yhthh paccjioenHii 6ip*x © ^n\k- H3- 
3a TpHBHajibHOCTH BToporo cjiaraGMoro nojiy^HM TpeSyeivibiH h30mop(|)H3m 

Ho pa3MepH0CTHbiM coo6pajKeHHaM, ne orpaHHHHBaa o6iii;hocth, o6pa3 
OTo5pa>KeHHa Xalx jiokht b ocTOBe S'^/Qa C S^^/Qa- Ho ITpeiiJioaceHHio [4T] 
CTeneHb deg^Xalx) Heraa. HocKOJibKy deg{ip) = deg^Xalx) = deg(Aa) = ha vi 
ha = h{f, K, S), nojiyHHM h{f, k, S) = 0. Teopeivia [9] flOKa3aHa. 

3 OcHOBHoii 3Tan /i,OKa3aTejibCTBa 

B 3T0M pa3flejie Bce OToSpaiKenHH h MHoroo5pa3Ha npe^nojiaraiOTCfl 
KycoHHO-jiHHeHHbiMH, GCJiH cneii;HajibHO He oroBopeno ycjiOBne rjia;i;KOCTH. 

Onpe^ejieHHe OTo6pa»ceHHH d : KP"^ M" 

06o3HaHHM Hepe3 Jq CTaH;i;apTHyio (n— /c)-MepHyio c(J)epy Kopa3MepHOCTH k, 
k = (mod 8), > 0, KOTopafl nojiyHena b pe3yjibTaTe ;i,>KOHHa ""^"'"^ = tq 
KonHH OKpyjKHOCTH 5*^. 06o3HaHHM CTaH^apTHoe BjioKGHHe Jo B MJ^ ^epe3 
ij, : Jo C M^ 

OnpeflejieHO OTo6pajKeHHe p' : 5'"^'^ Jq, KOTopoe nojiynaeTca b pe3yjib- 
TaTe B3aTHa ;i;jKOHHa r KonHH CTaH;i;apTHbix HaKpbiTHii S*^ S^/i. CTan- 
flapTHoe ;i;eHCTBHe Z/4 x 5'""'^ S"^'^ KOMMyTHpyeT c OTo5pa>KeHHeM p'. 
TeM caMbiM, onpeflejieHO OTo5pa>KeHHe p : S'"~'^/i — Jq h OTo5pa>KeHHe 
p : MP"~'^ — i> Jq KaK KOMno3Hn,Hfl CTaH^apTHoro flByjiHCTHoro naKpbiTHa 
71 : MP"~'^ — > S"^^/! c OTo6pa»ceHHeM p. 

PaccMOTpHM KOMno3Hii;Hio ijoOp : S"'~''/i — > Jq — > M", KOTopyio Mbi o6o- 
3HaHHM Hepe3 g, h npHBe^eM sto OToSpajKeHHe b OTo6pa>KeHHe d oSmero no- 
jiojKeHHa Majioii (5-fle4)opMan,HeH (ij^op) —> d (KaKyio HMeHHO fle(J)opMan,Hio 
H HacKOjibKO MajibiM cjie^yeT BbiGnpaTb nojioKHTejibHoe hhcjio 5, 3aflamee 
KajinSp SToii ;i;e(J)opMaii;HH, BbiacHHTca npn ;i;0Ka3aTejibCTBe JleiviMbi [30l) . Hc- 
KOMoe OTo6pajKeHHe d : MP"^'^ M" onpe;i;ejiHM KaK rjia;i;Koe OTo6pajKeHHe 
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oSmero nojiojKeHHa, nojiyneHHoe b peayjibTaTe C° fle4)opMaii;HH KajinGpa 5', 
rfle 6' « 6, OTo6pa>KeHHa, npeflCTaBJieHHoro KOMno3Hii;HeH CTanflapTHoro 
flByjiHCTHoro HaKpbiTHa vr h OTo6pa>KeHHH d. B JIgmmg [26] flOKasbiBaeTca, 
TjxQ xjrj,Q ^jjjj oTo5pa>KeHHa d (c oco5eHHOCTbio) cymecTByeT n,HKjiHHecKafl 
CTpyKTypa. 

Onpe^ejieHHe OTo6pa:aceHHH c : S'"~^'^/i — > M" 

06o3HaHHM nepea Ji (n — 2A;)-MepHbiH nojiHBflp, A; = (mod 8), /c > 0, 
KOTopbiH nojiyneHbiH b peayjibTaTe ;i;jKOHHa = n Konnn KBaTepHHOH- 

Horo jiHH30Boro npocTpancTBa S^/Qa- Corjiacno TeopeMe MaccH [Ma] (cm. 
TaKJKe ]Me]) onpe^ejieno BjiojKenHe S^/Qa C KopasMepnocTH 1 h b npe^- 
nojio>KeHHH n> Ar — 1 onpe^ejieno CTan^apTHoe BjiojKenHe Ji b M", KOTopoe 
o5o3HaHHM nepea ij-^ : Ji C M". 

OnpeflejiGHO OTo6pajKeHHe p' : S*"^^^ Ji, KOTopoe nojiynaeTca b pe- 
syjibTaTe bshthh f^Komna. r KonHH CTaH^apTHbix naRpbiTHii S"^ — S'^/Qa- 
CTaHflapTHoe ;i,eHCTBHe Qa x S'"^^'^ — > S'""^'^, onpe^ejieHHoe npHMoii cyM- 
MOH r SKSGMnjiapoB CTaH;],apTHoro ^ghctbhs na aa^aHHoro (J)opMyjiaMH 
([20]) . f[2T]) . ([22|l . KOMMyTHpyeT c OTo5pa>KeHHeM p'. Teivi caivibiM, onpeflejieno 
OTo5pa>KeHHe p : S'"~^'^/Qa — > Ji h OTo5pa>KeHHe p : S'"~^'^/i Ji kslk kom- 
no3Hii;H5i CTaH^iapTHoro ;i;ByjiHCTHoro naKpbiTHa n : S'"~^'^/i 5'"~^^/Qa c 
OTo6pajKeHHeM p. 

PaCCMOTpHM KOMn03Hn,HIO ij^ o p : S"'~^''/Qa —^Ji—^ M", KOTOpyiO 

o6o3HaMHM Hepea h. npHBe;i;eM bto OTo6pajKeHHe b OToSpajKeHne c o6iii;ero 
nojiojKeHHa Majioii (5-;i;e(J)opMaii;HeH (KaKyio hmghho cjie^yeT Bbi6paTb fle- 
(J)opMaii;Hio H HacKOJibKO MajibiM cjieflyeT BbiSnpaTb nojiojKHTejibHoe hhcjio 
5, aa^amee KajinSp 3toh fle4)opMan,HH BbiacHHTCfl npH ^OKaaaTejibCTBe JleM- 
Mbi 13T]). HcKOMoe OTo5pa>KeHHe c : S^~'^^ /'i M" onpeflejiHM Kax rjia^Koe 
OTo5pa>KeHHe oSmero nojioJKeHHa, nojiy^enHoe b peayjibTaie C° fle(|)opMa- 
ii;hh KajinSpa 6' , Tji^e S' << 6, OTo5pa>KeHHa, npe^CTaBJieHHoro KOMno3Hii;H- 
eii CTaH^iapTHoro flByjiHCTHoro HaKpbiTHa vr h OTo5pa>KeHHa c. B JIgmmg [27] 
flOKasbiBaeTCfl, hto hto ^Jia OTo6pa>KeHHa c (c ocoSenHOCTbio) cymecTByeT 
KBaiepHHOHHaa CTpyKTypa. 

Ilo^npocTpaHCTBa h (JjaKTopno^npocTpancTBa nonojineHHoro koh- 
cJ)Hrypaij;HOHHoro npocTpancTBa ^Jia MP" 

B pa3;i;ejie 2 6biJio onpe;i;ejieHO npocTpancTBO Tq, ero ;i;ByjiHCTHoe HaKpbi- 
THe To H CTpyKTypHoe OTo6pajKeHHe ?7ro : Tq 7^^(04, 1). HpocTpaHCTBO 
Fq aBjiaeTca MHorooSpasHeM c KpaeM. 05o3HaHHM BHyTpenHOCTb BToro mho- 
rooSpasHa ^epea Foo- OrpaHH^eHHe CTpyKTypnoro OTo5pa>KeHHa rjro na Fqo 
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o6o3HaHH]vi nepea ?7roo • Too — K(D4, 1). 

06o3HaHHM nepea Eqo C Foo nojiHS^p ^ByKpaTHbix oco6bix tohck oto6- 
pa>KeHHfl p : MP"^'^ Jq, nojiyHenHbiii paaflyiHeM nojiH3flpa {[(a:;,?/)] £ 
roo5p(.'^) = p{y),x 7^ y}. 3tot nojTH3;T,p CHaSiKen CTpyKTypnbiM OTo5pa>Ke- 
HHCM ?7S(,o • ^Oo ^ ^^(04, 1), KOTopoe HHflyn,HpoBaHO orpaHHMeHHeM CTpyK- 
Typnoro OToSpajKeHna r/roo na Sqo. 

Onpe^ejiena CBo6o^Haa HHBOJiioii;Ha Tnsp : MP""*^ — > KP'*"'^, nepecTaBJiaio- 
maa TOMKH B KajKflOM cjioe CTaHflapTHoro flByjiHCTHoro naKpbiTHa KP""'^ — > 
^n-fc^j pjjj npocTpancTBe foo ,T,eHCTByeT HHBOJiionHa Tpj, : foo — Foo, koto- 
paa onpefle.rrena KaK orpanH^eHne HHBOJiion,HH na MP"^^ x MP"~'^, nocipo- 
eHHOH no hhbojiioii;hh T^p na KajK^OM coMHOJKHTejie, na no^npocTpaHCTBO 
Foo C MP""*^ X MP""*^. Ha 4)aKTopnpocTpaHCTBe Fqo hhbojiioii;hh T' onpe^e- 
jiena 4)aKTopHHBOJiioii;Ha Tp^^ : Fqo — > Fqo. 

06o3Ha^HM nepea Tianudiag C Fqo no^npocTpaHCTBO, HaabiBaeMoe 
aHTHflHaroHajibK), KOTopoe oSpaaoBano bcgmh aHTHnoji,ajibHbiMH napaMH 
{[{x,y)] e Tq : x,y e W-'',x 7^ y,T^{x) = y}. S^ecb h flajiee b 
o6o3HaHeHHH ^HaronajibHbix h aHTH^naroHajibHbix npocTpancTB HH^eKC 
onycKaeTca. HeTpy^HO npoBepHTb, hto aHTH^naroHajib ^antidiag C Fq aB- 
jiaeica MHOJKecTBOM nenoflBHJKHbix tombk fljia HHBOJiion,HH Ttq- HopMajib- 
Hoe paccjioeHHe anTHflHaronajiH b Fq H30Mopc|)HO KacaiejibHOMy paccjioenHio 

T i^antidiag) • 

Onpe^ejiHM npocTpancTBO F/^^^ na KOTopoM HHBOJiioii,Ha Tr^^ ^eiicTByeT 
CBo6oflHO. Onpe^ejiHM F^^^ = Fqo \ ^anudiag- Onpe^ejiena CBo6o^Haa hhbo- 
jiion,Ha Tyj^^^ : ^Koa ~^ ^Koa- ^'aKTopnpocTpaHCTBO Vkqo/Tyi^^^ o6o3HaHHM 
Hepe3 Vkoo- 

no^nojiHSflP Eqo C Fqo KpaTHbix TOHCK OTo5pa>KeHHa p npe.iCTaBjiaeTca 

U Kq^, rfle iirQQ-OTKpbiTbiii noflnojin- 
3flp, B KOTopbiii Bxo^aT Bce TOHKH H3 Eqo, hb nonaBiuHe na aHTH^naroHajib. 
noflnojiH3^p Kqo C F^oo HHBapnaHTeH npn hhbojiioii;hh Tr^g ■ 06o3HaHHM 

^r^jj li^oo '^epe3 TVoo- 06o3HaHHM 4)aKTopnpocTpaHCTBO Xoo/TVoo '^epe3 Kqo. 
OrpaHH^eHHe CTpyKTypnoro OTo6pa>KeHHe ?7roo : Fqo — > K(D4, 1) na F^^^ h 

Kqo 0503HaHHM HGpeS r^py^ H r^Xoo COOTBeTCTBeHHO. 

PaccMOTpHM MHoroo5pa3He c ocoSeHHOCTaMH, KOTopoe onpeflejieno b pe- 
3yjibTaTe 3aMbiKaHHa OTKpbiToro MHoroo6pa3Ha Fqo h nojiyHeno b pe3yjib- 
Taie npHCoe^HHeHHa k 3T0My OTKpbiTOMv MHoroo5pa3Hio flHaroHajibHoii 

H aHTHflHarOnajIbHOH KOMnOneHT 'S,aiag H ^antidiag- 05o3HaHHM 3aMbIKaHHe 

CI{Kqo) nojiH3;i;pa Kqo (cooTBeTCTBenHO 3aMbiKaHHe CI{Kqo) nojins^ipa Koo) 
b 3T0M MHoroo6pa3HH c oco5eHHOCTaMH Hepe3 /C(o) (cooTBeTCTBeHHO Hepes 

k^Q)). 0603HaHHM nepeS Qantidiag = ^antidiag H i^(o) , Qdiag = dVdiag H K(^o), 
Qdiag C -f^(0) , Qantidiag C -^(0)- Ha30BeM 3TH HOflnpOCTpaHCTBa KOMHOHeHTa- 
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MH rpaHHIi;bI nOJIHBflpa -ft'(O)- AnajIOrnHHO OnpeflejIHM Qdiag, QanUdiag KOMnO- 

HGHTbi rpaHHn,bi nojina^pa -ft'(o)- 

SaMGTHM, ^To CTpyKTypHoe OTo6pa>KeHHe r/Xoo npoflOJi>KaeTC5i c -K^oo 
Ha KOMnoHGHTy rpaHHn,bi QanUdiag- 06o3HaHHM 3T0 npoflOJi>KeHHe Hepea 
VQa^H^^a, '■ QanUdiag ^ ^(D4,l). OToGpaxceHHe VQa^uMa, npe^^CTaBJiaGTca b 
BH;i;e K0M^03H^HH OToSpajKenna rjantidiag ■ QanUdiag " ^ K{la, 1) H OTo6pa>Ke- 

HHil BKJIIOHeHHfl «I^,D4 ^ -^(la, 1) C 7^^(04, 1). 

CTpyKTypnoe OTo6pa>KeHHe tjk^q^ na KOMnoneHTy Q^jag He npo^ojiJKaeT- 
ca. Onpe^ejieHO OTo6pa>KeHHe r/^jag : QanUdiag K{^d, !)• 05o3HaHHM aepea 
U{Qdiag) C -ft'oo Majiyio peryjiapnyio BspeaaHHyio OKpecTHOCTb OTKpbiToro 
KOHii;a, upuMhiKammfiTOK Qdiag- Onpe^ejiena npoeKii;Ha projrfjag '■ U{Qdiag) 
Qdiag pcryjiapHOH B3pe3aHH0H OKpecTHOCTH Ha ii;eHTajibHoe noflMHorooS- 
pasHe. OrpaHH^eHHe CTpyKTypnoro OTo6pa>KeHHa tikq^ na OKpecTHOCTb 

U {Qdiag) npeflCTaBJienO K0M^03H^HeH 0T06pa>KeHHa VUiQ^ag) ■ U {Qdiag) — > 

Kill,, 1) H OToSpajKeHHa ^1^,04 '■ Kil^, 1) i^'(D4, 1). FoMOTonHHecKHe KJiac- 
cbi OTo6pa>KeHHH ?7i^jgj h rju{Q^^^g) CBaaanbi paBencTBOM rjdiag o projdiag = 

Onpe^ejiHM cjie^yiomyio KOMMyTaTHBnyio ^narpaMMy mohomop4)H3mob 
rpynn, Ka>Kflaa h3 KOTopbix npeflCTaBjiena b rpynne 0(4): 

If, 

/ n 

Irf C la C D4 C E C H. (44) 

\ n 

B 3T0H ;i;HarpaMMe rpynna H HMeeT nopaflOK 32 h aBJiaeTca noflrpyn- 
noH B rpynne 0(4) n Sbijia panee onpe^ejiena (cm. ( l34ll ) npn noMomn npe- 
o5pa30BanHH, 3anHcannbix b CTan^apTnoM Saance {61,62,63,64}. Hoflrpyn- 
na E C H nivieeT nopaflOK 16 h onpe^ejiaeTca KaK rpynna, nopojK;i;ennaa 
npeoSpaaoBannaMH h3 H, coxpanaioni;HMH neynopaflOHennyio napy njiocKO- 
CTen (61,63), (62,64) (nanHMep, sjieivienT h3 H, 3a;i;annbiH npeoSpaaoBanneivi 
61 — > 62, 62 — > — Gi, 63 — > 63, 64 — > 64, ne jiejKnT b no^rpynne E C H). 
BKjnonenne D4 C E anjiaeTca n,enTpajibnbiM KBa^paTn^nbiM pacmnpenneivi 
rpynnbi D4 nocpe^CTBOM sjieivienTa c TaKoro, hto conna^aeT c o6pa3y- 
ioni;eH no;i;rpynnbi 1^ C D4. no;i;rpynna D4 npeflCTaBJiena ;i;HaronajibnbiMH 
npeoSpaaoBannaMH 0(2) C 0(2) © 0(2) C 0(4) CTaH;i;apTHoro Bn^a b Ka>K- 
flOH nape njiocKOCTen (61,63), (62,64). OcTajibnbie no^rpynnbi b ^narpaiviMe 
( l44l) 5bijiH onpe^ejienbi panee. 

Onpe^ejienbi aSejienbi no^rpynnbi E^, Ef,, Ec, E^ b rpynne E, KOTopbie 
aBJiaiOTca KBaflpaTHHHbiMH pacmnpeHnaMH cooTBeTCTByioni;HX noflrpynn 
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la, lb, Ic, Irf B rpynne D4. HeTpyflHO npoBepHTb, hto onpe;i;ejieHO ecTecTBen- 
Hoe OTo6pa>KeHHe Vkq^ • -^oo K(E, 1), KOTopoe HHflyii;HpyeT OTo6pa5KeHHe 
flHarpaMM 2-jiHCTHbix HaKpbiTHii: 

Koo ^ Koo K(I,,1) K(E,,1) 

i i ^ i i (45) 

Koo ^ Koo i^(D4,l) K{E,1). 

ropH30HTajTbHbie OToSpajKeHHa uex^y cooTBeTCTByiOTTiHMH npocTpan- 
CTBaMH ^^HarpaMM mm nepeoSoanaHHivi jiJis KpaTKOCTH nepea f], fj, tj, fj coot- 

BeTCTBeHHO. 



BKJiiOHeHHa no^rpynn I;, C E;,, I,^ C E,^, !„ C E^ Bxo^aT b KOMMyTaTHBHbie 
flnarpaMMbi roMOMop4)H3MOB rpynn: 



(46) 







Pb,d i 


i 


-|- *d,a 

i-d — ^ 


la 


Id 


Ed 


'^d,a \r 


i 


T irf ^ 
'-a ^ 


la 


la 






i 


y id 


la 



(47) 



(48) 



Ha npocTpancTBe r^roo onpeflejiena, b cboio onepe^b, CBo6o^iiaii hiibojiio- 
^f^oo • -^^0° ^ -^^oo no (i)opMyjie Tp^^([(a;, y)]) = [{T{x),y)]. (SaivieTHM, 

HTO [{T{x),y)\ = [{x,T{y)].) IIpocTpaHCTBa, nojiyneEHbie h3 Tkoo, Kqo, Tkqo, 
Kqo nocjie 4)aKTopH3aii;HH no hhbojiioii;hh T^^ o6o3HaHHM Hepe3 , K^^ 

r^^^, Kq^ cooTBeTCTBeHHO. Onpe;i;ejieHO 2-jiHCTHoe naKpbiTHe f^^^^ — > f]^^^, 
KOTopoe HHflyii;HpyeT ^ByjincTHoe naKpbiTHe — > ^oo- Hpn 3tom onpe^e- 
jiena KOMMyiaTHBHaa flHarpaMMa: 



i i (49) 
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IIo^npocTpaHCTBa h cJiaKTopno^npocTpancTBa nonojineHHoro koh- 
cJ)Hrypai];HOHHoro npocTpancTBa fljia S"'~'^'^/i 

B pasflejie 2 6bijio onpeflejieno npocTpancTBO Fi, ero ^eyjiHCTHoe HaKpbi- 
THe Fi H CTpyKTypnoe OTo6pajKeHHe : Fi — > K{li, 1). HpocTpaHCTBO Fi 
sBJiaeTca MHoroo6pa3HeM c KpaeM. 06o3HaHHM BHyTpenHOCTb 3Toro mhofo- 
o6pa3H5i nepea Fio. OrpanHHeHne CTpyKTypnoro OTo6pa>KeHHa na Fio 
o6o3HaHHM Hepe3 Crio • ^lo — ^ -^(H, 1). 

05o3Ha^HM Hepe3 Eio C Fio nojiHSflp ^ByKpaTHbix ocoSbix to^gk oto6- 
pajKCHHa p : S'^~'^^ /\ —>■ Ji, onpeflejienHbiii 4)opMyjiOH {[(x, |/)] G Tio,p{x) — 
p(y),x 7^ y}. 3tot nojina^p CHa6>KeH CTpyKTypnbiM OTo6pa5KeHHeM Csi^ : 
Eio — > K(H., 1), KOTopoe HH^yii;HpoBaHO orpanHHeHneM CTpyKTypnoro oto6- 
pajKGHHa Crio na Sio. 

Onpeflejiena CBoSoflHaa HHBOJiion,Hfl Tsn-2k/i : 5*"^^^/! — > ne- 
pecTaBjifliomaa tomkh b Ka>KflOM cjioe CTaHflapiHoro flByjiHCTHoro naKpbi- 
THa S"'~'^'^/i — > S"'~^^/i. Ha npocTpancTBe Fio ^eficTByeT HHBOJiioii;Ha 
Tf^^ : Flo Flo, KOTopaa onpe^ejiena xax orpanHHeHne hhbojiioii;hh na 

gn-2k ^ gn-2k ^ nOCTpOGHHOH HO HHB0JII0I1;HH Tgn-2k /; Ha KajK^IOM COMHOJKHTe- 

jie, na noflnpocTpancTBO fio C x Ha 4jaKTopnpocTpaHCTBe 

Flo HHBOJiion,HH T" onpeflGJiena 4)aKTopHHBOJiion,Ha Tr^„ : Fio — >^ Fio. 

0603HaMHM Hepe3 ^antidiag C Fio BOflnpOCTpaHCTBO, Ha3bIBaeM0e 

aHTHflHaroiiajibK), KOTopoe o5pa30BaHO bcgmh aHTnnoflajibHbiMH napaMH 
{[(x, I/)] G Flo : x,y E iS^^^^/i.x ^ y,Tgn-2k{x) = y}. Sflecb h jiajree b 
o6o3HaMeHHH ^HaroHajibHbix h aHTHflHaronajibHbix npocTpancTB hh^gkc 1 
onycKaeTca. HeipyflHO npoBepnib, hto anTHflHaronajib Tiantidiag C Fio aBjia- 
eTca MHOJKecTBOM HenoflBHJKHbix TOHCK fljia HHBOJiion,HH 7r^„. HopMajibHoe 
paccjioenne aHTH^HaroHajiH b Fio h30mop4)ho KacaTejibHOMy paccjioenHio 

antidiag ) • 

OnpeflejiHM npocTpancTBO Tki^ n^i KOTopoM HiiBOJiiOLi,Ha Tp^^ ;i;eHCTByeT 

CBoSoflHO. OnpeflejIHM Tk^^ = Fio \ "^antidiag- OnpeflejIBHa CB060flHaa HHBO- 

jiion,Ha Ttj^^^ : ^Kio ~^ ^Kio- ^'aKTopnpocTpancTBO ^Kio/'^t'kj^^ o6o3HaHHM 
Mepe3 Fki^. 

HoflnojiH3flp Eio C Flo KpaTHbix tohgk OTo6pa>KeHHa p npeflCTaBjiaeica 

B BHfle 06T.e;i;HHeHHa Eio = '^antidiag U K[^, TJJ,e /C^o^OTRpblTblH HOflnOJIH- 

3flp, B KOTopbiH Bxo;i;aT Bce TOHKH H3 Eio, HG nonaBniHG na aHTH;i;HaroHajib. 
HoflnojiHSflP Klo C Txia HHBapnaHTeH npn hhbojiioi^hh 7r^^^ ■ 06o3HaHHM 
^r^i l^io ^epe3 T^i^. 06o3HaHHM 4)aKTopnpocTpaHCTBO Kio/Tk^^ Hepe3 Kio. 
OrpaHHMeHHe CTpyKTypnoro OTo6pajKeHHe ^Pio ■ Tio — > K{¥L^ 1) na F^-^^ h 
K\o o6o3HaHHM Hepe3 Crio h Cxio cooTBeTCTBenno. 

PaccMOTpHM MHoroo6pa3He c ocoSeHHOCTaMH, KOTopoe onpe,T,ejTeHO b pe- 
3yjibTaTe 3aMbiKaHHa OTKpbiToro MHoroo6pa3Ha Fio h nojiyneHO b pe3yjib- 
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TaTe npHCoe;i;HHeHH5i k STOiviy OTKpbiTOMy MHoroo6pa3Hio flnaroHajibHOH 

H aHTHflHarOHajIbHOii KOMnOneHT 'S,diag H ^antidiag- 06o3HaHHM 3aMbIKaHHe 

Cl(Kio) nojiH3flpa Kio (cooTBeTCTseHHO aaMbiKanHe Cl{K\o) nojiH3flpa i^io) 
B 3T0M MHoroo6pa3HH c oco6eHHOCTflMH Hepe3 K(i~^ (cooTBeTCTBeHHO ^epe3 

K(i)). 0503HaHHM Hepe3 Qantidiag = ^antidiag H -ft'(i), Qdiag = dV diag H -ft'(i), 
Qdiag C -^'(1), Qantidiag C K{iy Ha30BeM 3TH nOflnpOCTpaHCTBa KOMnOHeHTa- 
MH rpaHHItbl nOJTH3,T,pa -R^(l). AnajIOrnHHO OnpeflejIHM Qdiag, Qantidiag KOMnO- 
HGHTbl rpaHHLi,bi nOJIH3flpa -ft^(l). 

SaMBTHM, HTO CTpyKTypHoe OTo6pa5KeHHe (kio npo^ojiJKaeTca c Kio 
Ha KOMnoneHTy rpaHHn,bi Qantidiag- 06o3HaHHM 3T0 npoflOJiJKeHHe Mepe3 

CQant,d,ag ' Qantidiag ^(H, 1). OToSpaxeHHe CQ.„t.d.a<, npe.^CTaB„TTHeTC5I B 

BH^e K0Mn03HHHH OTo6pa>KeHHfl Cantidiag ■ Qantidiag ^ -^(Qa, 1) H OToSpaJKe- 
HHSI BKJIIOHeHHa iQa,H '■ -^(Qa, 1) C K{'D4, 1). 

CTpyKTypHoe OTo6pa>KeHHe Ck^^^) na KOMnoneHTy Qdiag He npo^ojiJKa- 

eTCfl. Onpe7I,ejTeHO 0T06pa>KeHHe Cdiag '■ Qantidiag — ^ K{Ia,l). 0603Ha- 

^HM ^epe3 U {Qdiag) C Kio Majiyio peryjiapnyK) BspeaanHyio oxpecT- 
HOCTb OTKpbiToro KOHiia, npHMbiKaiomero k Qdiag- Onpe,T,e.rreHa npoeKn,Ha 

Projdiag '■ U {Qdiag) ^ Qdiag pCryjiapHOH B3pe3aHH0H OKpeCTHOCTH Ha 

H;eHTajibHoe HO^MHoroo6pa3He. OrpanHHenHe CTpyKTypnoro OTo6pa5KeHHa 
C,K-io Ha OKpecTHOCTb U {Qdiag) Hpe^CTaBJieHO KOMno3Hii;HeH OToSpajKeHHa 
CuiQiiag) '■ U{Qdiag) K{\aA) H OTo6pa>KeHHfl ii„,H : K{laA) A'(H, 1). 
FoMOTonHHecKHe KjiaccM OToSpaiKenHH Cif(i) h Cu{Qdiag) CBfl3aHbi paBencTBOM 

Vdiag O projdiag = Pu^a ° ^i^(i) ■ 

Onpe^ejiHM cjie^yioinyio KOMMyTaTHBHyio ^HarpaMMy mohomop4)H3mob 
rpynn, KaiK^aa h3 KOTopbix npe^CTaBJiena b rpynne 0{8): 

n 

Id C I„ C Q„ C H c G C Gi. (50) 

\ n 

He 

B 3T0H flHarpaMMe rpynna G-'^ onpeflejiaeTca KaK noflrpynna nopa^Ka 128 
B rpynne 0{8), KOTopaa nopojKflena npn noMoni;H npeo6pa30BaHHH, 3anHcaH- 
Hbix B CTaH;i;apTHOM 5a3Hce {61,62,63,64,65,66,67,68}, cjie;i;yni;ero BH^ia: 

— 1 npeo5pa30BanHe b ynopaji;oMeHHOH nape no;i;npocTpaHCTB 

(61,62,63,64), (65,65,67,68) npOH3BOJIbHOH napOH 3JieMeHT0B H3 nofl- 

rpynnbi C 0(4). 

— 2 npeoSpasoBanne o^niOBpeMenno nepecTaBJiaion^ee napbi BexTopoB 
(61,65), (62,65), (63,67), (64,63). 
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no;i;rpynna G C HivieeT nopa;i;oK 64 h onpeflejiaeTca kbk rpynna, no- 
pojK^eHHaa npeoSpaaoBaHHaiviH h3 G^, coxpanaiomHMH neynopaflOHeHHyio 
napy no^npocTpancTB (61,62,65,66), (63,64,67,63) (nanHMep, sjieivieHT h3 
G^, aaflaHHbiH npeoSpaaoBaHHeM j G Qa b no^npocTpancTBe (61,62,63,64) 
H TOJK^ecTBeHHbiM npeo5pa30BaHHeM b no^npocTpancTBe (65, 65, 67, 63) ne 
jieiKHT B noflrpynne G C G^). BKJiiOHeHHe H C G aBJiaeTca ii;eHTpajib- 
HbiM KBa^ipaTHHHbiM pacniHpeHHeM rpynnbi H nocpe;i;cTBOM sjieivieHTa dj 
TaKoro, ^To dj coBna;i,aeT c oSpaayiomeH n,eHTpa 1^ C Qa C H. Ylop,- 
rpynna Qa npe^CTaBjiena ^HaronajibHbiMH npeo6pa30BaHHaMH 5*0(4) C 
50(4) © 5*0(4) C 0(8) CTaH;],apTHoro BH;i,a b Ka>KflOH nape npocTpancTB 
(61, 62, 65, 65), (63, 64, 67, eg). no;i;rpynna C G nopojKfleHa ;i;ByMa KOMMy- 
THpyiomHMH npeoSpaaoBaHHaMH. HepBoe npeoSpaaoBaHne HivieeHT nopa;i;oK 
4 H coBnaflaeT c npeoGpaaoBaHHeivi i G la C Qa- BTopoe npeoSpaaoBaHne 
HMeeT ^op^l^,OK 2, oho o;],HOBpeMeHHO nepecTaBjiaioeT napbi SasHCHbix bgk- 

TOpOB (61,65), (62,66), (63,67), (64,68). 

no;i;rpynna C G nopo^K^ena coScTBeHHbiMH npeoSpaaoBaHHaiviH b 
nape no^npocTpancTB (61,62,63,64), (65,66,67,63) na nponsBOJibnyio napy 
sjieMGHTOB H3 Q^. OcTajibHbiG no^rpynnbi b ;i;HarpaMMe flSOj) SbiJin onpe^e- 
jienbi panee b paa^ejie 2. 

HeTpy^HO npoBepHTb, hto onpe^ejieno ecTecTBennoe OTo6pa>KeHHe ^ '■ 
Kio -^(G,l), KOTopoe HHflyn,HpyeT OTo6pa>KeHHe ^narpaiviM 2-jiHCTHbix 
HaKpbiTHii: 





^ Kio 


ir(H„l) - 




I 


i - 


i 


i 




^ Kio 


K(H,1) - 


- ^(G,l), 



rfle noflrpynna Gc C G aBJiaeTca KBa^paTHHHbiM pacmnpenneM rpynnbi He. 

ropnaoHTajibHbie OToGpajKenna MejK^iy cooTBeTCTByioni;HMH npocTpan- 
CTBaMH ^narpaMM mm oSoana^HM nepea CjC^C^C cooTBeTCTBenno. 

Ha npocTpancTBe Tk^^ onpe;],ejieHa, b cbok) onepe^b, CBoSo^naa hhbo- 
JIIO^Ha Tp : Tki, ^ f^i^ no 4)opMyjie Tp {[{x,y)]) = [{Ts/i{x),y)]. 

^lo -'^lo 

(SaMGTHM, HTO [{Ts/i{x),y)] = [{x,Ts/i{y)].) HpocTpancTBa, nojiynennbie h3 
Trio, Kio, F/^^^, Kio nocjie (J)aKTopH3an;HH no HHBOJiion;HH Tp o6o3HaHHM 

-^lo 

^epea f , K^o f^^^, K^o cooTBeTCTBenno. Onpe^tejieno 2-jiHCTHoe naKpbi- 
Tne Tkio ~^ -^irio' KOTopoe HH;i;yn;HpyeT ;i;ByjiHCTHoe naKpbiTne Kio K^o- 
Hpn 3T0M onpe^ejiena KOMMyTaTHBnaa ^narpaMMa: 

f^,, — > K{G,l) 
i I (52) 



43 



IlojIHS^pbl Kq,Kq 

BBe;i;eM o6o3HaMeHHe: 

n — 7 

OnpeflejiHM noflnpocTpancTBO C Kqo no c|)opMyjie: 

r^e p^^^ : Kqo — > Jo-ecTecTBeHHaa npoeKii;Ha oco6eHHOCTH na cboh o6pa3. 
Onpe^ejiHM noflnpocTpancTBO if[o]o C Koo no d^opujjie: 

HpH 3T0M cnpaBe^jiHBa 4)opMyjia: 

^ _ I |«=*™aa;,0 f>il) 

-"■[0]o - Uj^O -"-Oo- 

Tonojiorna na npocTpancTBe if[o]o HHflyn,HpoBaHa h3 TonojiorHH jiOKajibHO- 
CBaanoro npocTpancTBa b npaBoii HacTH c|)opMyjibi, nojiynenHoro npn CKjieii- 
Ke flHS'biOHKTHoro o6'be,T,HHeHHa npocTpancTB. Onpe/iejieno ^ByjincTHoe na- 
KpbiBaiomee K^^^ , (cooTBeTCTBenHO -ft^[o]o) na^i, npocTpancTBOM K^^ (cootegt- 

CTBGHHO k[0]o)- 

OnpeflejiHM npocTpancTBO Kq (cooTBeiCTBeHHO Kq) kslk npocTpancTBO, 
nojiyneHHoe saMbiKaHneM npocTpancTBa i^'[o]o (cooTBeTCTBenHO K[o]o)- Onpe- 
flejiHM ecTecTBeHHbie OTo6pa>KeHHa Kq — > ^(o), Kq — > i^(o)- 3th OTo6pa>Ke- 
HHa 6yflyT PL-Bjio>KeHHaMH BCio^y, 3a HCKjiiOMeHHeM npoo6pa30B flHaronajiH 
H aHTHflHaronajiH, r^e HMeiOTca oco6eHHOCTH. 



PaspemeHHe ocoGeHHOCTeft nojina^pa Kq 

^jia KajKfloro i, < i < imax,o, mm nocTpoHM nojTH3;i,p Kq^ h npocTpancTBO 
RKq \ KOTopoe HaaoBCM npocTpancTBOM, paapeniaiomHM ocoSenHOCTH nojin- 
sflpa KqK HapaivieTp i naaoBeM rjiySnHofl. HpocTpaHCTBa Kq \ RKq^ KpoMe 
Toro, aBJiaiOTca HaKDbiBaiomHMH npocTpancTBaMH npn 2-JiHCTHbix naKpbi- 
THax r : Kq^ — > Kq , Rr : RKq^ — > RkQ\ 3th naKpbiTHa BKjiiOMeHbi b 
cjieflyiomyio KOMMyTaTHBnyio flnarpaMMy OTo6pajKeHHH: 
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IRr i r (54) 

BBe;;eM oSosHa^enHH i^Q^ig = {pr)~\Qdlg), RQaludiag = 

(pryHQaLdiag)- AnajiorHHEbie oSoaHaneHHa RQdlg, RQaLdiag bbg- 
flGM fljia cooTBeTCTByiomHx ^ByjiHCTHbix HaKpbiBaiomHx. PaccMaTpHBaeMbie 
npocTpancTBa BKjiiOHeHbi b cjie^yiomHe KOMMyTaTHBHbie ^HarpaMMbi: 



^antidiag 



pr 



a,l), 



Q 



(i) 

antidiag 
^antidiag 



(55) 



^^diag ^ diag 



Vdiag (56) 



/l^jia flOKaaaTejibCTBa ocHOBHoro peayjibTaTa pa3;i;ejia naivi noTpeSyeTca 
cjie^yiomaH jieMMa. 

JleMMa 28. -1. J],ah nacHcdoso < z < imax,o, cyui^ecmeyem npocmpan- 
cmeo Kq \ eso deyAucmnoe naKpueawmee Kq"^ u daaa deyAucmnodo uanpu- 
musi Kq^"^ . IIpocmpaHcmea Kq \ Kq \ K^"^'^ neAniomcH nodnpocmpaHcmea- 
MU npocmpaHcme Kq, Kq, Kq coomeemcmeeHHO. Cymecmeyem npocmpan- 
cmeo RKq^ u ezo deyjiucmnoe naKpueawmee RK^^ u 6a3a 2-AucmHoso na- 
KpumuH RKq^"^ , Komopue eKAwnaiomcH e KOMMymamueHyw duazpaMMy 
( |5^p . Ha deyAucmnoM HaKpueamui^eM eunoAHHwmcH spanuHHue ycAoeuH, 
Komopue onpedeAenu duaspaMMaMU (1 551) . (1 56{) . 

-2. Cymecmeyem npocmpancmeo RKq u eso deyAucmnoe HaKpueammee 
RKq u 6a3a 2-AucmH020 Hanpumun RKq, nomopue eKAwnatomcH e hu- 
CHcecAedywmyw KOMMymamueHyw duaepaMMy (\57i) . anaAozuHmjio duaspaM- 
Me ( |5^p . Ha deyAucmnoM HaKpueamui^eM eunoAHHwmcH zpanuuHue ycAO- 
euH, Komopue onpedeAenu duaepaMMaMU, anaAosunnuMU duaspaMMaM fl55p . 

m 
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RKo ^ Ko 



IRr ir (57) 



IlojiHS^pbi Kx , Ki 

BsefleM o6o3HaHeHHe: 

n — 15 . 

Onpe^ejiHM no^npocTpaHCTBO K^^ C Kio no c|)opMyjie: 

rfle Pki„ '■ ^lo — ^ Ji-ecTecTseHHaa npoeKn,Ha oco6eHHOCTH na CBoii o6pa3. 
Onpe^ejiHM no^npocTpancTBO -f^[i]o C Kio no c|)opMyjie: 



Hpn 3T0M cnpaBeflJiHBa 4)opMyjia: 

-"■[l]o — Uj^O -"-lo- 

TonojiorHfl na npocTpancTBe A'jijo HHflyn,HpoBaHa h3 Tonojiornn jiOKajibno- 
CBsanoro npocTpancTBa b npaBoii nacTH c|)opMyjibi, nojiynennoro npn CKJieii- 
Ke flHSTjiOHKTHoro o6T.e;i;HnenH5i npocTpancTB. Onpe^iejieno flByjincTHoe na- 
KpbiBaiontee K^^ , (cooTBeTCTBenno i^[i]o) na^ npocTpancTBOM K^^ (cooTBei- 
CTBenno i^[i]o)- 

OnpeflejiHM npocxpancTBO Ki (cooTBeTCTBenno Ki) k-ak npocTpancTBO, 
nojiyMennoe saMbiKanHeM npocTpancTBa -f^[i]o (cooTBeTCTBenno K^ijo)- Onpe- 
flejiHM ecTecTBennbie OTo6pa>KeHHa Ki — > -fi'(i), Ki — > -f^(i). 3th OTo6pa>Ke- 
nna 6yflyT PL-BJiOiKennaMH BCio^y, 3a ncKJHOHenneM npoo6pa30B flnaronajin 
H anTHflnaronajiH, r^e HMeiOTca oco6eHHOCTH. 
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PaspemeHHe oco6eHHOCTeH nojiH3/i;pa Ki 

(i) 

/JjiH KajK^oro i, < i < imax,ii Mbi nocTpoHM nojiH3flp K{ H npocTpancTBO 
RKi \ KOTopoe HaaoBeM npocTpancTBOM, paapemaiomHM ocoSenHOCTH nojin- 
3;],pa K'f \ riapaMeTp i naaoBeM rjiy6HH0H. HpocTpaHCTBa K^^ , RKf^ KpoMe 
Toro, aBjiaiOTca HaKpbiBaiomHMH npocTpancTBaMH npn 2-jiHCTHbix naKpbi- 
THax r : K^"* — > Ki \ Rr : RKf' — > RKi \ 3th naKpbiTHa BKJiiOHeHbi b 
cjie/iyiomylo KOMMyTaTHBHyio ;i;HarpaMMy OToSpajKenHfl: 



(pi/ [Rr i r (59) 

K(Q„,1) ^ Rk? ^ kf. 

B^epfiM 0503Ha^eHHa RQ^^^^ = {pr)-\Q^^iag) ^ RQaLdiag = 

ipr)~HQaLdtag)- AnajiorH^Hbie oGosHaneHHa RQ^^Lg^ RQaludiag BBe- 
flGM flJia COOTBGTCTByiOmHX ^ByjIHCTHblX HaKpbiBaiomHx. PaccMaTpHBaGMbie 

npocTpancTBa BKJiiOHeHbi b cjie;i;yioiii;He KOMMyTaTHBHbie flnarpaMMbi: 



antidiag 



pr 



KiQaA), 



antidiag 
1/ Vantidiag 



(60) 



^^diag Vrfjag 



Vdiag (61) 



/l^jifl flOKaaaTejibCTBa ocHOBHoro peayjibTaia paa^ejia naivi noTpeSyeTca 
cjie;],yioiii;afl jieMMa. 

JleMMa 29. -1. JH^a^ nacncdoso i, < i < imax,i, cytij^ecmeyem npocmpau- 
cmeo k^^ u eso deyAucmnoe naKpueawmee k[^\ UpocmpaHcmea k'f \ K^-* 
HeAHiomcn nodnpocmpaHcmeaMU npocmpaHcme Ki, Ki coomeemcmeeHHO. 
Cymecmeyem npocmpaHcmeo u 620 deyAucmHoe HaKpueatomee rkP, 



Komopue eKAWHammcM e KOMMymamueHyio duadpaMMy ([53). Ha deyAucm- 
HOM HaKpueawmeM eunoAHHwmcH zpanuHHue ycAoeuM, Komopue onpedeAe- 
Hu duaspaMMttMU (\60i) . (\61\) . 
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-2. Cymecmeyem npocmpaHcmeo RKi u eso deyAucnmoe Hanpueamvuee 
RKi, Komopue eKJimuaiomcH e HuofcecAedywmyK) KOMMymamueHyio dua- 
spaMMy (El), aHaAosuHHyto duaspaMMe (E3). Ha deyAucmnoM uaKpueaw- 
ui^eM eunoAHMTomcM spanuHHue ycAoeun, Komopue onpedeACHU duazpaMMa- 
MU, anaAosuHHUMU duaspaMMaM ( \60i) . (E2D- 



RK^ ^ Ki 
(t)i/ [Rr i r (62) 

K{ClaA) ^ RKi ^ Ki. 

nojiHSflpbi Ki , Ki 

BBe^eM o5o3HaHeHHe: 

n — 15 . 

Onpe^ejiHM npocTpancTBO xj^^-^ no (J)opMyjie: 
Onpe^ejiHM npocTpancTBO no 4)opMyjie: 

.{€) 
^(1) 



Onpe;i;ejieHO flByjincTHoe HaKpbiBaioin;ee K^iy (cooTBeTCTBeHHO -ft'(i)) na^ 
npocTpancTBOM (cooTBeTCTBenno -^(i))- 

/l^jifl Ka>Kfloro < z < imax,i, nHiKG onpe^ejiHM npocTpancTBO /T} n 
npocTpancTBO i^i. Onpe^ejinM TaKJKe ecTecTnennbie OToSpajKenna 

-ft'l*^ , -ft'(i) — > i^(i) . 3Tn OTo5pa>KennH 5yflyT PL-roMeoMop(|)n3MaMH BCio^y, 
3a HCKjiionenneM ynacTKOB pa3flyT0H ^naronajin n anTn;],naronajin, r^e nivie- 
eTCfl BbipojK^enne. Anajiornnno onpe^ejinivi ^nyjincinbie naRpbiBaiontne k'^'^ 
H npocTpancTBO Ki n ecTecTnennbie OTo5pa>KenHa — > K{i^ Ki. 
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Hanajio flOKasaTejitCTBa JleMMbi 1261 

HpH onpeflejieHHH OTo5pa>KeHHH d onpe^ejiajiocb TaK»ce OTo5pa>KeHHe g : 
gn-k _^ ^ KOTopoe nojiy^GHO MajiOH PL-;],e(|)opMan,HeH oSmero nojioJKe- 
HHH KajinSpa 5 h3 OTo5pa>KeHHH ij^ o p : S'^~^ /\ Jq C W. (CaMa STa 
fle(|)opMaii;H5i h ee KajiH5p 6 Sy^yT jibho yKaaanbi npn flOKaaaTejibCTBe JIgm- 
Mbi[30|). PaccMOTpHM TaKJKG OToSpajKeHHe g = nod : MP"~'^ S'"~'^/i — > R". 

PaccMOTpHM nojiHSflp N^^ TOHCK caMonepeceHeHHa OTo5pa>KeHHa g h 
flByjiHCTHoe HaKpbiBaiomee na^ sthm nojiHS^poM Nkq, onpe^ejienHoe b co- 

OTBGTCTBHH C npaBbIM HHJKHHM npOCTpaHCTBOM B flHarpaMMG fl45P ■ HtoSm 

nofl^epKHyTb anajiorHio co cjiynaeivi rjia^KHx OTo6pa»ceHHH, flajiee Bce pac- 
CMaTpHBaeMbie nojiHS^p (paa^yTne ocoGeHHOCTen na ^HaronajiH h anTH^Ha- 
ronajiH b nojiHB^pax ne paccMaTpHBaeTca) to^gk caMonepeceneHHa Sy^eT 
HasbiBaTbca PL-MHoroo6pa3HeM c ocoSenHOCTaMH. 3th MHoroo6pa3Ha c oco- 
SeHHOCTaMH HMeiOT oco6biH Kpan, cocToamnfi h3 tohck flHaronajiH h anTH- 
;];HaroHajiH. nojiH3;i;pbi Sea tohgr ;i;HaroHajiH h aHTH;i;HaroHajiH oSoanaHaiOT- 
ca -/V^Qoi ^Kqo cooTBeTCTBeHHO. KajKflbiH TaKoii nojiH3;i;p naaoBeM OTKpbiTbiM 
MHoroo5pa3HeM c ocoSeHHOCTaMH. OTKpbiToe MHoroo5pa3He c oco5eHHOCTa- 
MH Nkqo ecTecTBGHHO BjiojKeHO B OTKpbiToe MHorooSpasHe Foo- 

MHoroo5pa3He c ocoSeHHOCTaMH N^o, b cboio OHepe;i;b, caivio cjiyjKHT 6a- 
30H ;i;ByjiHCTHoro HaKpbiTHa r : N^q — > -^Xo- HaKpbiTHa onpe;i;ejieHbi b coot- 
BGTCTBHH c o5o3HaHeHHaMH B flHarpaMMG (llSll . Onpe;i;ejieHO OTKpbiToe mho- 
roo6pa3He c oco6eHHOCTaMH Nkq^ c KpaeM, KOTopoe ecTecTBenHO BKjia^biBa- 

GTCa BO B3pe3aHHbIH KBa^paT Tq. ripH 3T0M BJIO>KeHHH o6pa3 Nkqo Jie>KHT 

B peryjiapnoH OKpecTHOCTH nojiHB^pa /^(o) h onpe^ejiena KOMMyTaTHBnaa 
flnarpaMMa OToSpajKennH 

i i i (64) 

B KOTopoH Hepe3 f/e, o5o3HaHeHbi peryjiapHbie e-OKpecTHOCTH no;i;nojiH3fl- 
POB i^(o) C Fq, K(o) C Fq COOTBeTCTBGHHO. HpaBbiG ropH30HTajibHbie CTpeji- 
KH STOii ;i;HarpaMMbi aBJiaiOTca npo;i;oji>KeHHaMH OToSpajKenHH ^narpaMMbi 
(i45ll na peryjiapnyio OKpecTHOCTb f/g h na (J)aKTopnpocTpaHCTBO Ue stoh 
OKpecTHOCTH B MHoroo5pa3Hax c KpaeM Fq, Fq cooTBeTCTBenHO. 

PaccMOTpHM MH0r006pa3He C OCoScHHOCTaMH Niig H 0603HaHHM erO KOM- 

HOHeHTbi Kpaa Mepe3 Ng^diag U Nq^antidiag- nepeo5o3HaMHM MHoroo6pa3He c 
ocoScHHOCTaMH Hepe3 -/V^q, a ero KOMnoHCHTbi Kpaa Hepe3 Nq\- U 
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^Q^antidiag- HH>Ke B flOKaSaTejIbCTBe JICMMbl [30l Onpe^ejIGHa CTpaTH(J)HKan,HH: 

AT^— ■«C---CiVO„, (65) 

(sTa CTpaTH(J)HKan,Hfl coBna^aeT c KanoHH^ecKHM ^ByjiHCTHbiM naKpbiTHeM 
CTpaTH(J)HKan,HH fll26p . f ll27p ). 
06o3Ha^HM ^epea 

wi, = N^K^N'l'■ (66) 
OTKpbiToe MHorooSpaane c ocoSeHHOCTaMH, coflep>Kamee KOMnoneHTbi Kpaa. 

0503HaHHM KOMnoneHTbi erO Kpaa iV^.^iagV^^aS' ^Q,antidiag\NQ,Ltidiag 

Hepes Wq ^^^g H Wq antidiag cooTBeTCTBGHHO. BBe^GM aHajiorHHHbie o6o3Ha^e- 
TiTiCT /Cr* \ /\r*+i T/T/^*-' AT^ \ /\r*+i w/^*) /\r* \ /\r*+^ 

HMM iV^^ X^^.ft'o ~ KqI ^^Q,diag \ ^^Q,diag ~ Q4iagi ^^Q,antidiag \ Q , antidiag ~ 

^Q^antidiag- BJiojKeHHH VF^^ C t/^ C Fq no;i;MHoroo5pa3He C OcSeHHOCTa- 

MH Wq^-^^ BKJiaflbiBaeTca b KOMnoneHTy Kpaa T^iag, a noflMHorooSpaane c 

oco5eHHOCT5iMH Wg^^^-^-^g BKJiaflbiBaeTca b T antidiag- AnajiorHHHbie yTBep- 

jKfleHHa cnpaBe;i;jiHBbi fljia KOMnoneHT rpaHHii;bi W^^^ . 

^jia KajKfloro ^, < z < Zmaa;,Oi onpeflejiena KOMMyTaTHBHaa flnarpaiviMa 
([671) OTo6pajKeHHH nojiHBflpoB c BbinncaHHbiMH no^i; ;i;HarpaMMOH rpannH- 
HbiMH ycjiOBHHMH. B npocTpaHCTBa, CToamne b TpeTben CTpoKe SToii ^na- 
rpaMMbi, OTo5pa>KaiOTca cooTBeTCTBenHO npocTpancTBa n,eHTpajibHOH CTpo- 
KH KOMMyTaTHBHOH ^HarpaMMbi (I68p . KOTopaa TaKace onpeflejiena ^Jia npo- 
H3BOJibHoro i, < i < imaxfi, cooTBGTCTByioinero HOMepy CTpaTa nojinsflpa 
TOHGK caMonepeceneHHa b CTpaTH(J)HKaii;HH (l65ll . 
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K{Ia, 1) K{I,, 1) 
RK^'^ D RQdiag^ RQaltidiag ^^0^ ' ^QdLg ^ ^Qantidiag 

i pf i ipr I 

-f^O diag ^ antidiag "^^0 ^ diag ^ antidiag ^ ^ 

U U U U 

i ^ i 77 

K{E,1) K{-D,,l). 

FpaHHHHbie ycjiOBHfl b ;],HarpaMMe ( l67l l na npocTpancTBe Q^antidiag sann- 
CbiBaiOTca 4)opMyjiOH (p = ia° rj : Q^^iUdian — ' ^(la, 1) ^ ^(D4, 1), 

^ antidiag 

na npocTpancTBe Q^*a„ aanHCbiBaiOTCH 4)opMyjiOH = ^ o pf,^ o (i) : 

Qlg 1) — > 1) 1). 

(la, 1) K{la, 1) 

T A^a \ T A^a \ /^a 

Ko Q4iag ^ Q,antidiag Kq ^ Q,diag ^ Q,antidiag 

U U U U (68) 

ir(E,l) i^(D4,l). 
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FpaHHHHbie ycjiOBHfl b ^narpaMMe ( l68ll na npocTpancTBe Wq^^^-^-^^ 3a- 
nncbiBaiOTca (J)opMyjiOH (p = ia o r/ : W^'^ ^-^^ — > K{Ia, 1) ^ 

Q ,antidiag 

K{D4, 1), na npocTpancTBe VTg''^-^^ sanHCbmaiOTca 4)opMyjiOH (f) = ia ° Pb ° 

v« ^ — ^(i^, 1) — 1) ^ 1). 

BocnojibsyeMCfl cjie^yiomeH jigmmoh, ^OKaaaTejibCTBO KOTopofl npoBO- 
flHTca B KOHii;e pa3;i;ejia. 

JleMMa 30. Cymecmeyem Majian PL-de(fiopMaii,UM o6i^e20 nojioMcenuH 
(^Jo ° p) ^ d manan, umo Bah Kaotcdozo KycoHHO-AuneuHozo cmpama W^^^ 
noAuadpa N{d) e cpedneu cmpoKe KOMMymamueHou duazpaMMU (1 68{\ onpe- 
omo6paoiceHUH i^^ : W^f>^ RK^'\ t^^ : W'j^] RK^\ nasuea- 
eMue omo6paMceHUHMU paapemenuH oco6eHHOcmeu, e coomeemcmeymvuue 
npocmpancmea emopou cmpoKU duaspaMMU (E3)- Upu amoM onpedeAenu 
omo6pacHceHUJi ji'a '■ W^^ — ^ K{la,l), jd'a '■ — ^ K{la,l) e duaspaMMC 

(fggj) no ^OpMyAGM p,a^ = O jjji'' = (f) O t^*) . 

UocmpoeHHue ceMeucmea omo6paMceHuu npu pasAUHUux i e (1^51) ckac- 
ueatomcH do omodpaMcenuu t : Nkq RKq (coomeemcmeeHHO t : A^'^o — > 
RKq ) u onpedeAenu undyii,upoeannue omodpamcenun fia = (p o t : Nkq — > 
K{Ia, 1) (coomeemcmeeHHO Ha = 4> ° t : N^o — > K{la, 1) ). BoAce mozo, eu- 
noAHCHO coomnomenue r o p,^ = jj,^ : N^q — > N^o K{Ia, 1) u eunoAnenu 
spanuHHue ycAoeusi na Kojunonemax Nq^diag, Nq^anudiag zpanuii,u cmpamu- 
^uVfUpoeannoso Mno20o6pa3UH c oco6ennocmHMU Nkq, Komopue anaAosuH- 
nu eunucanuM nod (popMyAou (E3) spanunnuM ycAoeusiM Bah KOMnonenm 
^Sdiag, ^Sanudiag coomeemcmeenno. 

OKOHHaHHe ^OKasaTejibCTBa JleMMbi 1261 

/loKajKeM, HTO OToSpajKeHHe Ha, onpe;i;ejieHHoe h3 JleMMbi [30] na MHoroo6- 
pa3HH c oco6eHHOCTaMH c KpaeM Nkq, npo;i;oji>KaeTca flo OTo6pa>KeHH5i na 
BceM N{d) H yKaaaHHoe npo;i;oji>KeHHe onpeflejiaeT nHKJiHHecKyio CTpyKTypy 
fljia OTo6pa>KeHHH d. 

HanOMHK), HTO N{d) = Nantidiag^Nxo nO oSmeMy KpaiO Ng^antidiag- IlojIH- 

3flp aBJiaeTca 6a3om 2-JiHCTHoro naKpbiTHa r : N^q — N^q h KoppeKTHO 
onpeflejiena ;i;HarpaMMa fl6l|) . Ha KOMnoneHTe N^o i^nKJiH^ecKaa CTpyKTypa 
onpeflejiena b peayjibTaTe npo^ojiJKeHHa OTo5pa>KeHHfl jja c Wkq- B cnjiy 

BbinOJIHeHHfl rpaHH^HblX yCJIOBHii ^Jia 0T06pa>KeHHH na RQantidiag, RQdiag 

cjieflyeT, ^to OTo5pa>KeHHe fj,a hmgct npaBHjibHbie rpanH^Hbie ycjiOBHH na 

Nq^diag H Ha Nq^antidiag- B MaCTHOCTH, Ha Nq^antidiag 0T05pa>KeHHe /i^ COBHa- 

^laeT CO CTpyKTypHbiM OToSpajKeHneM, KOTopoe aBJiaeTca ii;HKJiHHecKHM. 
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ripoBepHM ycjiOBHe (l30l) b onpeflejieHHH ii;HKJiHHecKOH CTpyKTypbi ji^jisi 
OTo6pa>KeHHH c ocoSeHHOCTbK). BocnojibsyeMca JIgmmoh 18, corjiacHO koto- 
poH flocTaTOHHO paccMOTpeTb aScojiiOTHbiH n,HKji fij^ : K"'~^ — > K{ld, 1) (na- 
noMHK), HTO 3T0T n,HKji nojiy^GH npH saKjieHKe OTo5pa>KeHHa /i^ : N(d) 

K(Ia, 1) BflOJIb rpaHHn,bI ^ByiVIH O^HHaKOBblMH KOnHflMH OTHOCHTejIbHOrO 

ii;HKJia, KOTopbie BbiSnpaiOTca npoHSBOJibHbiMH) h npoBepHTb, hto ii;hkji /ijj 
onpeflejiaeT oSpaayioinyio rpynnbi roMOJiorHH 1); Z/2). OSoana- 

^HM 3Ty o6pa3yiomyio ^epea x G Hn-k{K(ld, 1); Z/2). 

PaccMOTpHM eme o^hh roMOJiorHnecKHH Kjiacc Pc,* ° V*{W{(^)]) ^ 
Hn-k{K{Id,l)',1j/2), KOTopbiH onpe^ejien n,HKjiOM, nojiynenHbiM npn no- 
MomH KOMno3Hii;HH KaHOHHHecKoro HaKpbiTHa fj : N{d) K{lc, 1) nafl 
CTpyKTypHbiM OToSpajKeHHeM rj : N{d) — > K{Y)4, 1) c OTo5pa>KeHHeM 
Pc : K{lc,l) K(ld,l). MHoroo6pa3He c ocoSeHHOCTaMH N{d) pacciviaT- 
pHBaeTCfl KaK aaMKHyToe, T.e. KaHOHH^ecKoe naKpbiTHe SepeTca pasBeiBjien- 
HbiM Ha^ KpaeM dN(d). OSoana^HM nocTpoennbiH Kjiacc roMOJiornfi ^epea 
yeHn-kiK{ldA);Z/2). 

/^OKajKeM, HTO y abJiaeTca oSpaayioinHM KJiaccoM roMOJiornH. ^ajiee npo- 
BepHM, HTO X = y. TleflcTBHTejibHO, KJiacc KoroMOJiorHH y°^, ;i;BOHCTBeH- 
Hbiii no HyaHKape Kjiaccy roMOJiorHii y, BbinHCJiaeTCfl KaK HopMajibHbin xa- 
paKTepHCTHHecKHfi Kjiacc Wk e i/'=(lP"-^Z/2) = 1); Z/2). (Hpn 

n = 2' — 1 KoroMOJiorHnecKHH Kjiacc Wk ne paben nyjiio.) 

BcnOMHHM, HTO N{d) = Nantidiag ^NQ^a„uMas ^Kq- IloSTOMy flByjIHCTHOG 

HaKpbiBaiomee N{d) TaKJKe npe^CTaBJiaeTca b bh^g oSijeflHHeHHa flByjincT- 
Hbix HaKpbiBaioniHx no 4)opMyjie N{d) = Nantidiag ^Ng^auuMag ^Ko- Cnpabe^i,- 

JIHBa aHajIOrHHHaa 4)0pMyjia R = RQ^anUdiag U Rkq- npn BTOM RQ^antidiag H 

Ng^antidiag PL-roMeoMop4)nbi KaK Mnoroo5pa3Ha c ocoSennocTaMH c KpaeM, 
a OToSpajKenna fia, Pc° V yKaaannon oSn^en nacin conna^aiOT. 

HeTpy^IHO npobepHTb, hto MHorooSpaane c ocoSenHOCTaMH Rkq abJiaeTca 
flByjiHCTHbiM HaKpbiBaioni;HM na^ neKOTopbiM MHorooSpaaneM c ocoSennocTa- 
MH Rko- AsiicTBHTejibHO, MHoroo5paaHe c ocoSennocTaMH cjiyjKHT ;i;By- 
jiHCTnbiM naKpbinaiomnM ^jia ■ S^ecb n ^ajiee ^Jia MnorooGpaanii c oco- 
SennocTaMH ncnojibayiOTca oGoananenna, cooTBeTCTByrontne oSoananennaM 
rpynn b ^narpaiviMe f l45i l. Hpn stom OToGpajKenne /ia|i?Ko ' ~* ^i^d, 1) 
nponycKaeTca nepea ;i;ByjiHCTHoe naRpbiTne Rkq Rko, nocKOJibKy caMO 
OToSpajKenne jJ^alNKg naKpbiBaeT OToSpajKenne p-alffj^ ■ TaKJKe jierKO npo- 
BepnTb, nTO MnorooSpaane Nr^ anjiaeTca flByjincTnbiM naKpbinaiomnM na^ 
NfCo^ npn 3T0M OToSpaacenne Pc°v\nkq nponycKaeTca nepea ^nyjincTnoe na- 
KpbiTHe — > ^Ko- nosTOMy KajKflbiii na n;HKJiOB x, y roMOJiornHen n;HKJiy 

C HOCHTejieM na 05ni;eH ^aCTH Nantidiag- 

JleMMa [26] ;i;oKaaaHa. 
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Hanajio ^OKasaTejibCTBa JleMMbi 1271 

HpH onpe^ejieHHH OTo6pa>KeHHfl c onpeflejiHJiocb TaK>Ke OTo6pa>KeHHe h : 
gn-2k 10^^ — > KOTopoe nojiy^GHO MajiOH PL-fle4)opMan,HeH oSmero nojio- 
jKeHHa KajinSpa 5 h3 OTo6pa>KeHHH ij^ o p : S'"~^'^/Qa Ji C M". (CaMa 
3Ta fle4)opMaii;H5i h ee KajinSp 6 Sy^yT jibho yKaaanbi npn flOKaaaTejibCTBe 
JleMMbi [31] KOTopoe nojiHOCTbio aHajiorHHHO flOKaaaTejibCTBy JIgmmm [301 ) 
PaccMOTpHM TaKJKe OToSpajKeHHe h = n o c\ S"""^^/! — >• 5'"'~^'^/Qa M". 

PaccMOTpHM nojiH3flp TOHCK caMonepeceHGHHa OToSpajKenHa h h 
^IByjiHCTHoe HaKpbiBaiomee na^i; sthm nojins^poM Lki, onpe;i;ejieHHoe b co- 

OTBGTCTBHH C npaBbIM HHJKHHM npOCTpaHCTBOM B flHarpaMMG flSTj) ■ HtoSm 

nofl^epKHyTb anajiorHio co cjiynaeM rjia^KHx OTo6pa>KeHHH, ^ajiee Bce pac- 
CMaTpHBaeMbie nojiHS^p (paa^yTne ocoGeHHOCTen na ^HaronajiH h anTH^Ha- 
roHajiH B nojiHSflpax ne paccMaTpHBaeTca) to^gk caMonepeceneHHa Sy^eT 
HasbiBaTbca PL-MHoroo6pa3HeM c oco6eHHOCTaMH. 3th MHorooGpaana c oco- 
6eHH0CTaMH HMeiOT oco6biH Kpaii, cocToamnn h3 tohck flHaronajiH h anTH- 
jxa&TOYisjm. riojiHSflpbi 6e3 tohck ;i;HaroHajiH h aHTH;i;HaroHajiH oGosHanaiOT- 

Ca -f/^jo, -f/ii'io COOTBeTCTBGHHO. Ka>KflbIH TaKOH nOJIHSflP HaaOBeM OTKpblTbIM 

MHorooSpasHeM c ocoSenHOCTaMH. OTKpbiToe MHorooSpaane c oco5eHHOCTa- 
MH Lk^o ecTecTBGHHO BJiojKeHO B OTKpbiToe MHoroo6pa3He c KpaeM Flo. 

MHorooSpaane c ocoSeHHOCTaMH Lx^-, b cboio OHepe;i;b, caMO cjiyjKHT 6a- 
30H flByjiHCTHoro HaKpbiTHa r : L^^ — ^ -f^Xi ■ HaKpbiTHa onpe^ejieHbi b coot- 
BGTCTBHH c o6o3HaHeHHaMH B ^HarpaMMG (I5ip . Onpeflejieno OTKpbiToe mho- 
roo6pa3He c ocoSenHOCTaMH Lk-^^^ c KpaeM, KOTopoe ecTecTBenHO BKjia^biBa- 

eTCa BO B3pe3aHHbIH KBa^paT Fi. HpH STOM BJIO>KeHHH 06pa3 Lk^^ Jie>KHT 

B peryjiapHOH OKpecTHOCTH nojiH3;i;pa K(i^ h onpe^ejieHa KOMMyTaTHBHaa 
flnarpaMMa OToGpajKenHfl: 

i i i (69) 

B KOTopoH Hepe3 t/g, Us o6o3HaHeHbi peryjiapHbie e-OKpecTHOCTH no;i;nojiH3fl- 
poB Kio C Fi, Kio C Fi cooTBeTCTBeHHO. HpaBbie ropH30HTajibHbie CTpejiKH 
3T0H ;i;HarpaMMbi aBJiaiOTca npoflOJiJKeHHaMH OTo6pajKeHHH ;i;HarpaMMbi (l69l) 
na peryjiapnyio OKpecTHOCTb Us h na (|)aKTopnpocTpaHCTBO U^ btoh OKpecT- 
HOCTH B MHoroo5pa3Hax Fi, Fi cooTBeTCTBenHO. 

PaccMOTpHM MHoroo6pa3He c ocoSenHOCTaMH L^i h o5o3HaHHM ero kom- 
noneHTbi Kpaa Hepe3 Lg diag^LQ anUdiag- nepeo6o3HaHHM MHoroo5pa3He 
Hepes lJJJ, a ero KOMnoneHTbi Kpaa ^epe3 I'^Q^diag U ^Q.Ltidiag- HH>Ke b ji,o- 
Ka3aTejibCTBe JleMMbi [30] no anajiornH co CTpaTii(J)iiKaii,iieH ([65]) onpe^ejiena 
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CTpaTH(J)HKaii;H5I 



05o3HaHHM Hepea 



.1 c ■ ■ ■ C Li . (70) 



W^^!=^k\^K/- (71) 
OTKpbiToe MHorooSpaane c ocoSeHHOCTaMH, co;i;epjKaiii;ee KOMnoHeHTbi Kpaa. 

0503HaHHM KOMnOHeHTM erO Kpaa I^q^diagX^q^iag^ ^Q,antidiag\LQlntidiag 

Hepea Wq^^^^^ h W'q^^^^^^^^ cooTBeTCTBeHHO. BBe;i;eM anajiorHHEbie oSoana- 

XICUTJCI f « \ f — f * \ f * + l — f * \ f * + l — 

HCHMM -t^;^^ X-t^i^i — ''•'ifii ^Q,diag \-^Q,diag ~ Q,diagi ^Q,antidiag \ ^Q,antidiag ~ 
antidiag- "^P^ BJIO>KeHHH Wj^_^ C t/g C Fi nOflMHOrOo5pa3He C OcSeHHOCTfl- 

MH ^Q diag BKjia^biBaeTCfl B KOMnoHGHTy Kpafl Tdiag, a noflMHoroo6pa3He c 

oco6eHHOCTHMH Wq^^^-^^^^ BKjiaflbiBaeTCfl B Tantidiag- AnajiorH^Hbie yTBep- 

iK^ieHHa cnpaBe;i;jiHBbi fljia KOMnoneHT rpaHHii;bi W^^^ . 

06o3HaHHM OTKpbiToe MHoroo6pa3He c ocoSeHHOCTaMH c KpaeM L^j^^ \L^k^ 

nepes W^j^]. OSoanaHHM sth KOMnoneHTbi ero Kpaa ^epea W^'^,^■^gUW^l^^■^■^g. 

HpH Bjio>KeHHH C Us C Tl noflMHoroo6pa3He Wq^^^^ BKjia^biBaeTca 

B KOMnoneHTy Kpaa T^iag, a no;i;MHoroo6pa3He Wq^^^-^-^^ BKJiaflbiBaeTca b 
Tantidiag- AHajiorHHHbie yTBepjK^eHHa cnpaBe^JiHBbi fljia KOMnoHGHT rpaHH- 

^bI w^^f . 

^jia KajKfloro i, 1 < i < imax,i, onpeflejiena KOMMyTaTHBHaa flnarpaiviMa 
(rf2ll OTo5pa»ceHHH nojiHB^poB c BbinncaEHbiMH no^i; ;i;HarpaMMOH rpannH- 
HbiMH ycjiOBHaMH. B npocTpancTBa, CToamne b TpeTben CTpoKe btoh ^na- 
rpaMMbi, OTo6pa>KaiOTca cooTBeTCTBenHO npocTpancTBa n,eHTpajibHOH CTpo- 
KH KOMMyTaTHBHoii ;i;HarpaMMbi (l73l) . KOTopaa TaKJKe onpe^ejieHa fljia npo- 
H3BOJibHoro i, 1 < i < imax,i, cooTBeTCTByioinero HOMepy CTpaia nojinsflpa 
ToneK caMonepeceneHHa b CTpaTH(J)HKaii;HH (ffOll : 
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K{Qa,l) K{Q^,1) 

i pr i I pr J, 

0i) ^ /)» I I A(i) T^ii) ^ I I ni^) (70) 

-f^l ^ diag ^ antidiag ^^l diag ^ antidiag \'^) 

U U U U 

iC iC 

K{GA) i^(H,l). 
rpaHHHHbie ycjiOBHa b flnarpaMMe fl72l) na npocTpancTBe Qaludiaa sann- 



' antidiag 

CblBaiOTCa (i)OpMyjIOfi = ia O Cf') ^ Qaludiag ' ^(Qa, 1) ^ ^(H, 1). 

rpaHHHHbie ycjiOBHa b flnarpaiviMe l\72\} na npocTpancTBe Q^^-^g aanncbiBaiOT- 
ca (t)opMyjiOH (f) = i^o pi,o ( : Q^*J^ — > KCHb, 1) — > i^(Hd, 1) — ^ 



'^^^ Ki Q,diag^ Q, antidiag Ki ^ Q,diag^ Q, antidiag 

u ^^3) 



ir(G,l) i^(H,l) 
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FpaHHHHbie ycjiOBHfl b ^narpaMMe ( )73ll na npocTpancTBe WQ^^f.-^-^g 3a- 
nncbiBaiOTca (i)opMyjiOH (j) = ia o C^(^) : W^Q.Liidmg — ' ^(Qa, 1) ^ 

-ft'(H, 1). FpaHH^Hbie ycjiOBHH b ^HarpaMMe (l73l l na npocTpancTBe Wq^^^^ 
sanHCbiBaiOTca (J)opMyjiOH = id,a°Pb,d ° Cw(') : dmg — ^ -^(Hf), 1) — > 

Q,diag ' 

ir(H,,l) ^i^(Q,,l). 

BocnojibsyeMca cjie;i;yioiii;eH jieMMoii, ^OKaaaTejibCTBO KOTopoii npoBO- 
flHTca B KOHii;e pa3;i;ejia. 

JleMMa 31. Cyinecmeyem MaAan PL-de^opMav^uH o6ui,eso noAootceHUH 
(^Ji o p) c maKan, umo dAH naatcdoso KycoHHO-AuneuHozo cmpama w']^^ 
noAuadpa L{d) e cpedueu cmpoKe KOMMymamueHou duaspaMMU onpe- 
deACHU omo6paMceHUH t^*) : W^^ —>■ RKi \ t^*^ : VF^j RK[^\ nasuea- 
eMue omo6pacHceHUMMU paapemenun oco6eHHOcmeu, e coomeemcmeywui^ue 
npocmpaHcmea emopou cmpoKU duazpaMMU fl 7^) . Upu amoM onpedeAenu 



omo6paMceHUH aI*^ : W^^ K{Qa, 1); ^i*^ : W^^_^ K{Q,aj 1) e duaspaMJue 

fm no ^opMyAdM aI*^ = o aI'^ = o t^^l 

UocmpoeHHue ceMeucmea omo6paMceHuu npu pasAUHHUx i e fl 701) CKAe- 
ueaiomcfi do omo6pacHceHuu t : L^i — > RKi (coomeemcmeeHHO t : N^^ 
RKi) u onpedeAenu undyv^upoeannue omo6paMcenufi Xa = (j) o t : L^i — ^ 
K{Qa, 1) (coomeemcmeenno \a = (pot : Lk^ K^Qa, Eoabb moso, eu- 
noAneno coomnomenue r o = \a : Lk^ Lk^ -^(Qa, 1) u eunoAnenu 
zpanuunue ycAoeuH na KOMnonemax Lq ^iag, Lg^anUdiag spanuv^u cmpamu- 
^uv^upoeannozo Mnosoo6pa3usi c oco6ennocmHMU Lk^, Komopue anaAosun- 
nu eunucanuM nod ^opjuyAou fl 731) spanunnuM ycAoeusiM dAsi KOMnonenm 

^Q,diag' ^Q,antidiag coomeemcmeenno. 
OKOHHaHHe flOKasaTejibCTBa JleMMbi 1271 

^OKaaaTejibCTBO aHajiorHHHO paccyjKfleHHaM h3 OKOHnaHHa ^OKaaaTejibCTBa 
JleMMbi [26l JleMMa [27] flOKaaana. 

Ilpe^BapHTejibHbiH 3Tan b ^OKasaTejitCTBe JleMMbi 1281 

HsjioJKHM njian ^OKaaaTejibCTBa. Mbi na^neM c Toro, hto sbho onnmeM nojiH- 
3flpbi Kf), Ko H CTpyKTypHbie OTo6pajKeHHa rj, fj sthx nojiH3;i;pax npn no- 
MOin;H KOopflHHaT. SaTGM j^jisi KajKfloro i,0 < i < imax,o, nocTpoHM npocTpan- 
CTBa RKq \ RKq \ cnaSjKeHHbie OTo5pa>KeHHaMH pr : RKq '' — > Kq \ pf : 
Rkf kf H OToSpaaceHHa : RK^^ ^ K{la, 1), : RK^ ^ 1), 
KOTopbie yflOBjiGTBopaiOT Tpe6yeMbiM rpanHHHbiM ycjiOBHHM. SaieM nocTpo- 
HM npocTpancTBa RKq, RKq, CHa6>KeHHbie OTo6pa>KeHHaMH pr : RKq — > Kq^ 
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pf : RKq Kq h OToSpajKeHHa : RKq ~^ K{Ia, 1), 4> '■ RKq K(la, 1), 
KOTopbie y;i;oBJieTBopaiOT Tpe6yeMbiM rpaHHHHbiM ycjiOBHaivi. 

IlpeflBapHTejibHbiH axan b ^OKasaTejibCTBe JleMMbi 1291 

H3Jio>KHM njian ^OKaaaTejibCTBa. Mbi na^neM c Toro, hto hbho onnmeM nojiH- 
Sflpbi Ki, Ki m CTpyKTypHbie OTo6pa>KeHHH (, C, sthx nojiHS^pax npn no- 
MomH KOopflHHaT. SaTGM fljifl KajK;],oro i,0 < i < imax,i, nocTpoHM npocTpan- 
CTBa RK[^\ RK[^\ cnaSjKeHHbie OTo5pa>KeHH5iMH pr : RK[^^ — ^ '■ 
Rkf i^P H OTo5pajKeHHa : ^ K{Cla, 1), : ii^f ^ ir(Qa, 1), 

KOTopbie yflOBJiGTBopaiOT Tpe6yeMbiM rpaHHHHbiM ycjiOBHJiM. SaTeivi nocTpo- 
HM npocTpancTBa RKi, RKi, CHa5>KeHHbie OTo5pa>KeHHHMH pr : RKi Ki, 
pf : RKi — > H OTo5pa>KeHHfl : RKi — > -ft'(Qa, 1), : -R-ft'i ^ -^^(Qa, 1), 
KOTopbie yflOBjieTBopfliOT TpeSyeMbiM rpanHHHbiM ycjiOBHHM. 

IlocTpoeHHe CTpaTHcJjHKaiJiHH nojiH3^poB Jq, Kq, Kq -a OTo6pa:aceHHH 

K{Q) Kq, K{q) Kq. 

ynopaflOHHM jiHH30Bbie npocTpancTBa, oSpaayiomHe ^jkohh, HHCJiaMH ot 1 
flo To H o6o3Ha^HM Hepe3 Jo{ki, . . . , ks) C Jo no^^JKoiiH, oGpaaoBanHbiii bbi- 
SpaHHbiM HaSopoM OKpyjKHOCTefl (o^HOMepHbix jiHH30Bbix npocTpancTB /i 
c HOMepaMH l<fci<---<fcs<r,0>s>ro. HocTpoeHHaa CTpa™- 
4)HKaii;H5i HHflyii;HpoBaHa h3 CTanflapTHOH CTpaTH4)HKaii;HH OTKpbiTbix rpa- 
Heii CTaH;i;apTHoro ro-Mepnoro CHMnjieKca 6^ npn ecTecTBenHOH npoeKii;HH 
Jo — i> 5''. npoo6pa3aMH BepniHH CHMnjieKca cjiyjKaT jiHH30Bbie npocTpancTBa 
Jo(j) C Jo, Jo(j) ~ S^/h ^ ^ j ^ ^, nopojKflaiomHe ffxovm. 

OnpeflejiHM npocTpancTBO Jq KaK no^npocTpaHCTBO b Jq, nojiyneHHoe b 
pe3yjibTaTe oSijeflHHeHHa Bcex no^npocTpaHCTB Jo{ki, . . . , kg) C Jq. Onpe- 
;i;ejiHM npocTpancTBO Jq \ imax,o > ^ > ''"o no (J)opMyjie: 

06o3HaHHM MaKCHMajibHyio OTKpbiTyio KJieTKy npocTpancTBa 
p~^{Jo{ki, . . . , kg)) Hepe3 U{ki,...,ks) C S'^~^ /\. TaKyio OTKpbiTyio 
KjieTKy Ha30BeM sjieMeHTapHbiM CTpaTOM rjiySnnbi r — s. ToHKa na 
sjieMGHTapHOM CTpaTe U{ki,...,ks) C S^^^/i onpeflejifleTca naSopoM 
KOopflHHaT (xfci; • • • ; ^fc^ 5 Oi ^flc Xfci ^ KOopflHHaTa na l-c(|)epe (oKpyxcHOCTn) , 
HaKpbiBaiomeH jiHH30Boe npocTpancTBO c HOiviepoM ki, I- KOop;i;HHaTa na 

COOTBGTCTByiOIHeM (s — l)-MepHOM CHMnJIGKCe flJKOHHa. ripH 9T0M GCJIH 

flBa naSopa KOop^HnaT OTO>KflecTBjiaiOTca MejK^y co6oh npH npeo5pa30- 
BaHHH TpaHCJiHn,HH n,HKjiH^ecKoro la-naKpbiTHa na o6pa3yiomyio, KOTopoe 
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sBJiaeTca oGumu ^Jia Bcero naSopa KOop;i;HHaT, to sth naSopbi onpe^e- 
jiaiOT o^Hy H Ty me TOHKy na S'^"^ /\. Tohkh na 3JieMeHTapH0M CTpaTe 
U(ki, . . . , kg) JiejKaT b o6T3eflHHeHHH CHMnjieKCOB c BepniHHaMH na jinnaoBbix 
no^npocTpancTBax ;],>KOHHa c cooTBeTCTByK)Tn,HMH KOop/iHHaTaMH. Ka>K/i;tiH 
sjieMGHTapHbiH CTpaT U{ki,...,ks) c.rryjKHT Saaoi! ,T,ByjiHCTHoro HaKpbiTHH 
U{ki,...,ks) U{ki, . . . ,ks), KOTopoe HH;i;yLi,HpoBaHO h3 ^ByjiHCTHoro 
HaKpbiTHa MP"~'= S'^'^ /i npn BKJiiOHeHHH U{ki, . . .,ks) C S'^'^/i. 

nOJIH3flp K{Q) \ {Qo^iag U Qo,antydiag) pa36HBaeTCa B o6l.eflHHeHHe OTKpbl- 
TblX nO^MHOJKeCTB (sjieMBHTapHblX CTpaTOB) Ko(ki, . . . , kg) , 1 < s < r B 
COOTBGTCTBHH CO CTpaTHc|)HKaHHefi npOCTpaHCTBa Jq. J^Jiii paccMaTpHBaeMO- 

ro CTpaTa hhcjio r — s He;i;ocTaiomHx KOop^HHaT ^o nojiHoro Ha6opa naao- 
BBM rjiy6HH0H CTpaTa. Onpe^ejieno ^ByjincTHoe naKpbiTHe Ko(ki, . . . ,ks) — > 
Ko(ki, . . . , kg), coraacoBanoe c nocTpocHHofi CTpaTHc|)HKaii;HeH 6a3bi. 

OnHincM sjieMCHTapHbiH CTpaT K()(ki, . . . , ks) npn noMomn chctcmm ko- 
opflHHax. /JjTa npocTOTbi oSosHaneHHii pa36epeM cjiynaii s = tq HycTb ;n,jia 
napbi TOHCK {xi, X2), onpcflCJiaioinHX TOHKy na K(l, . . . jTq), (J)HKCHpoBa- 
na napa tohbk {xi,X2) na HaRpbiBaiomeii c(i)epe S"'~'', KOTopaa nepexo;i;HT 
B paccMaTpHBacMyio napy {xi, X2) npn npoeKii;HH S^~^ — > MP""*^. B coot- 

BBTCTBHH C npOflBJiaHHblM BbiniB BOCTpOBHHBM, o6o3HaMHM MBpB3 (xl,i,X2,i), 

i = l,...,ro Ha6op c(J)epH^iecKHx Koop^HnaT Ka>K^OH to^kh. Ka>Kflaa Ta- 
Kaa KOopflHHaTa onpc^^ejiaeT TOMKy na l-McpnoH c(\)epe (okpvjkhocth) Si 

C TBM >KB HOMBpOM i, KOTOpaa HaKpblBaBT COOTBBTCTByiOmyiO OKpyjKHOCTb 
Jo(i) C Jo B ^iKOHHB. SaMBTHM, HTO napa KOOpflHHaT C 06iI1;HM HOMBpOM HB06- 

xoflHMO onpBflBJiaBT napy tombk b o^bom cjiob CTan^apTnoro n,HKjiHnBCKoro 
la-naKpbiTna /i. 

HaSopbi KOopflnnaT (5;i,i,X2,i) paccMaipnnaiOTca c TonnocTbio ^o ncsa- 
BHCHMbix 3aMBn na anTnno^ajibnbiB. KpoMB Toro, tohkh b napB {xi,X2) nB 
flonycKaiOT BCTBCTBcnnoro ynopa^onnnanna n no^naTHB tohkh c Kq jip na- 
pbi tombk {xi,X2), JiBJKan],Hx na C(J)BpB S"'~'', onpBflBJiaBTca c TonnocTbio flo 
8 pa3JiHnnbix B03MO>KnocTBH. (Hopa^OK rpynnbi D4 panBn 8.) 

AnajiormnoB nocTpocnnB cnpanB^jinBO n Jijjn tohbk 6ojibb rjiySoKHx sjie- 
MBnTapnbix CTpaTOB Ko^ki, . . . ,ks),l < s < r. Hpn stom, bcjih na6opbi Koop- 
flnnaT 3JiBMBnTapnoro CTpaTa nojiynaiOTca flpyr h3 flpyra ^bhctbhbm bbko- 
Toporo 3JiBMBnTa la-naKpbiTHa, to MBnbmnn CTpaT jibjkht n;BJiHKOM na pa3- 
flyxoH flnaronajiH (bcjih ^bhctbhb 3aflaBTca sjibmbhtom no^rpynnbi 1^ C la) 
HjiH anTHflnaronajiH (bcjih abhctbhb 3aflaBTca na sjibmbht CMBJKHoro Kjiacca 

Ia\Id). 

OnpBflBJIHM nOJIH3^p Kq \ < i < imax,0 KaK ^H3T>IOnKTnOB 06T>BflHnB- 

nnB BCBx 3J[BMBnTapnbix CTpaTOB rjiy6Hnbi i. Hpn i > 1 paccMaTpnBaiOTca 
CTpaTbi, nonaninHB na ^naronajib hjih anTn^naronajib. (Hpn i — ^naro- 
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HajibHbiii H aHTHflnaroHajibHbiH CTpaT OTcyTCTByeT.) OnpeflejiHM nojinsflp Kq 
B peayjibTaie CKJieiiKH o6T>eflHHeHHa Bcex nojiHS^poB Kq"* npn < i < imax,o, 
npHHCM npHMbiKanna rpaneii, onpe^ejiaiomHe CKJieiiKy, corjiacoBaHHbi c no- 
CTpoeHHbiMH CHCTeMaMH KoopflHHaT. Ho nocTpoeHHK) nojiHSflp K^^ coBna^a- 
eT c onpe^ejieHHbiM panee nojina^poM K'^q^ . Hpn 1 < i < imax,o nojina^p Kq^ 

OTjiH^aeTca ot nojiH3flpa A^q^ jiHinb b flHaronajibHbix h aHTHflHaronajibHbix 
noflnojiHSflpax. 

Onpe^ejieHbi ecTecTBeHHbie OTo6pa>KeHHa 

(0) ^ -''^0 ' ^ ' ^ <'max,Oi 

KOTopbie HBjiaiOTca PL-roMeoMop4)H3MOM BCiO/],y, 3a HCKjiiOHeHHeM, flHaro- 
HajiBHbix H aHTHflHaronajibHbix noflnojiH3flpoB, na KOTopbix 3th OTo6pa>Ke- 
HHa coBnaflaiOT c ecTecTBenHbiMH npoeKn,HaMH MacTH paaflyToii flHaronajiH 
(cooTBeTCTBGHHO, aHTHflHaroHajin) na ^Haronajib (cooTBeTCTBeHHO aHTHflna- 
roHajib), noHHJKaioinHMH paaiviepHOCTb. 05o3HaHHM ^epes Kqo , Kqo no.rrHS^i;- 
pbi, nojiynenHbie h3 Kq \ Kq b peayjibTaTe yflajienna tohgr na ;i;HaroHajiH h 
aHTH^HaronajiH . 

CTan^apTHbiM cnoco6oM onpe^ejiaiOTca ^ByjiHCTHbie HaKpbiBaiomHe Kq^ , 
ii'(o) , Kq} , Kqo Ha^ nocTpoeHHbiMH nojiH3^paMH h OTo6pa5KeHHa 



IlocTpoeHHe CTpaTHcJ}HKaij;HH nojiHS^poB Ji, Ki, Ki h nocTpoeHHe 
OTo6pa:»ceHHH /^(i) — > iiTi, /^(i) — > /^i. 

ynopaflOMHM jTHH30Bbie npocTpancTBa, o6pa3yioiii;He ^jkohh, HHCJiaiviH ot 1 
flo ri H o5o3HaHHM Hepe3 Ji{ki, . . . , fcs) C Ji no;i,;i,>KOHH, o5pa30BaHHbiH bbi- 
SpaHHbiM naSopoM KBaTepHHOHHbix jiHH30Bbix npocTpancTB S^/Cla C HOMe- 
paMH 1 < /ci < • • • < < ri, > s > ri. HocTpoeHHaa CTpaTHc|)HKan,Ha hh- 
flyii;HpoBaHa h3 CTan^apTHofi CTpaTH4)HKaii;HH OTKpbiTbix rpanefi CTanflapT- 
Horo ri-Mepiioro CHMnjieKca S'^^ npn ecTecTBeHHon npoeKiinn Ji 6^'^ . Hpo- 
o5pa3aMH BepniHH CHMnjieKca cjTy>KaT jTHH30Bbie npocTpancTBa Ji{j) C Ji, 
Ji{j) ~ >S''^/Qo, 1 < J < ^i, nopojKflaiomHe j^movm. 
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Onpe^ejiHM npocTpancTBO Jf KaK no;i;npocTpaHCTBO b Ji, nojiyneHHoe b 
peayjibTaTe o6T>eflHHeHHa Bcex no^npocTpaHCTB Ji(ki, . . . , kg) C Ji. Onpe- 
flejiHM npocTpancTBO imax,i > ? > Ti no c|)opMyjie: 

OSosna^HM MaKCHMajibHyio OTKpwTyio KJieTKy npocTpancTBa 
p~^{Ji{ki, . . . , kg)) nepea U{ki,...,ks) C S"'~^'^/Qa- TaKyio OTKpbiTyio 
KjieTKy HaaoBeM ajieMeHTapnbiM cxpaTOM rjiySnnbi ri — s. ToMKa na 
sjieMeHTapHOM CTpaie U{ki,...,ks) C 5'"^^^/Qa onpe^ejiaeTca naSopoM 
Koop,T,HHaT (.Tfc^, .... .Xfc, , /), Tflfi Xfc, - Koop^HHaTa Ha l-c4)epe (okpy^khocth) , 
HaRpbiBaiomeii jinnaoBoe npocTpancTBO c noiviepoM ki, I- KOop^HnaTa na 
cooTBeTCTByioineM (s — l)-MepHOM CHMnjieKce ^jKofina. Hpn 3tom ecjin ^Ba 
Ha6opa KOop^HHaT OTOiK^ecTBJiaiOTca uemjiy co6oh npn npeo6pa30BaHHH 
TpaHCJian,HH n,HKjiHMecKoro Qa-naKpbiTHa na oSpaayiomyio, KOTopoe aB- 
jiaeTca oSttihm ^jia Bcero naSopa KOop^iHHaT, to 3th naSopbi onpe^ejiaiOT 
oflHy H Ty jKe TOHKy na S^~'^^/Cla- Tomkh na 3JieMeHTapH0M CTpaTe 
. . . ,ks) JiemaT b o6T>eflHHeHHH CHMnjieKCOB c BepniHHaMH na jinnaoBbix 
noflnpocTpancTBax ^jKoiiHa c cooTBeTCTByiomHMH KOop^HHaTaMH. Ka^K^bifi 

SJieMGHTapHblH CTpaT U{ki, . . . ,ks) CJiyJKHT 6a30H flByjIHCTHOrO HaKpblTHa 

U{ki,...,ks) U{ki, . . . ,ks), KOTopoe HHflyn,HpoBaHO h3 /xByjiHCTHoro 

HaKpblTHa 5^^-2fe/Q„ npH BKJIIOHeHHH U{ki, ...,ks) C 'S"-^^/Cta- 

nOJIH3flp K(i) \ {Qi4iag U Ql^antydiag) pa36HBaeTCa B oe-be^^HHeHHe OTKpbl- 

Tbix no^MHOJKecTB (ajieMBHTapHbix CTpaTOb) Ki{ki^ . . . ^kg), 1 < s < r b 
cooTBeTCTBHH CO CTpaTHc|)HKan,HeH npocTpancTBa Ji. /I^Jia paccMaipHBaeMO- 
ro CTpaia hhcjto r — s ne/tocTaiomHx KOop^HnaT ^o nojinoro Ha6opa naao- 
BGM rjiySHHoii CTpaia. Onpe^ejieHO ^ByjiHCTHoe naKpbiTHe Ki{ki, . . . ,ks) 
Ki{ki, . . . ,ks), corjiacoBanoe c nocTpoeHHoii CTpaTH(i)HKaii;HeH 6a3bi. 

OnnmeM 3JieMeHTapHbiH CTpaT Ki(ki, . . . ,ks) npn noMOinH CHCTeMbi ko- 
opflHHaT. /l^Jia npocTOTbi o6o3HaHeHHH pa36epeM cjiynaii s = ri HycTb ^jia 
napbi TOHGK (xi, X2), onpe/tejraiOTTiHx TOHKy na K{1, . . . ,ri), (J)HKCHpoBaHa 
napa to^gk {xi,X2) na HaKpbiBaiOTneH c(J)epe 5'""^'^, KOTopaa nepexoflHT b 
paccMaTpHBaeMyio napy {xi, X2) npn npoeKii;HH S'^~'^^ B coot- 

BeTCTBHH c npo^ejiaHHbiM Bbime nocTpoenneM, o6o3HaHHM Hepe3 (xi,j,X2,i)5 
i — 1, . . . , ri Ha6op cc|)epHHecKHx KOop^HnaT KajK^ofi tohkh. Ka>K^aa TaKaa 
KOop^HHaxa onpe^ejiaeT TO^Ky na S-MepHoii C(J)epe Sf c tgm >Ke HOMepoM ?', 
KOTopaa HaKpbiBaeT cooTBeTCTByiomee KBaiepHHOHHoe jiHH30Boe npocTpan- 
CTBO Ji{i) C Ji B fljKOHHe. SaMeTHM, HTO napa KOop;i;HHaT c o6ni;HM HOMepoM 
Heo6xoflHMO onpe^ejiaeT napy tohbk b o^hom cjioe CTan^apTHoro n;HKJiHHe- 
CKoro Qa-naKpbiTHa S'^/Qq. 

HaSopbi KOop^nnaT (xi,i,X2,i) paccMaTpHBaiOTca c TO^nocTbio ^o He3a- 
BHCHMbix 3aMeH Ha aHTHnoflajibHbie. KpoMe Toro, tohkh b nape {x\,X2) ne 
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flonycKaiOT ecTecTBeHHoro ynop5i;i;oHHBaHH5i h no^HaTne tohkh c Ki jifl na- 
pbi TOHCK {xi,X2), JiejKamHx Ha cc|)epe 5'"'"^'^, onpe^ejiaeTca c tohhoctbio 
32 paajiHMHbix BOSMOJKHOCTeii. (HopflflOK rpynnbi H paBen 32.) 

Ana^rrorHMHoe nocTpoenHe cnpaBe^JiHBO h ,t,jt5i TO^eK Sojiee rjiySoKHx sjie- 
MGHTapHbix CTpaTOB Ko^ki, . . . . kg) , 1 < s < ri. HpH stom, gcjih naSopbi 
KOopflHHaT sjieivieHTapHoro CTpaia nojiynaiOTca ;i;pyr h3 flpyra ;i;eHCTBHeM 
HeKOToporo 3JieMeHTa Qa-naKpbiTHa, to MeHbinHii CTpaT jie^KHT ii;ejiHKOM 
Ha pasflyToii flHaronajiH (ecjiH fleiiCTBHe aaflaeica 3JieMeHT0M noflrpynnbi 
la C Qa) HjTH aHTH^HaroHajiH (ecjiH fleiiCTBHe 3aflaeTca na 3jieMeHT CMe>K- 
Horo Kjiacca Qa \ la)- 

OnpeflejiHM nojiHSflp Ki \ < i < imax,i KaK flHSTjiOHKTHoe oS^be^HHeHHe 
Bcex CTpaTOB rjiy6HHbi i. Hpn i > 1 paccMaTpHBaiOTca, b tom hhcjib, CTpaTbi, 
nonaBinne na flnaronajib hjih aHTHflHaronajib. (Hpn i — ^HaroHajibHbiH h 
aHTH^HaroHajibHbiii CTpaT OTcyTCTByeT.) Onpe^ejiHM nojina^p Ki b peayjib- 
TaTe CKJieHKH o6T.e;i;HHeHHa Bcex nojins^ipoB K^^"^ npn < i < imax,i, npHneivi 
npHMbiKaHHa rpaneii, onpe^ejiaiomHe CK^rreiiKy, corjiacoBannbi c nocTpoen- 
HbiMH CHCTeMaMH KoopflHHaT. Ho nocTpoeHHK) nojiH3flp K^^ coBna^aeT c 
onpe;i,ejieHHbiM panee nojiHS^poM K'^iy Hpn 1 < i < imax,i nojiHS^p k[^^ 

OTJiHHaeTca ot nojiH3;i,pa il^y^ jiHinb na KOMnoneHTax, jiejKainHx na flnaro- 
HajibHbix H aHTH^HaronajibHbix no^nojina^pax. 
Onpe^ejieHbi ecTecTBennbie OTo6pa>KeHHa 

Kil) ^ Ki, 

KOTopbie aBJiaiOTca PL-roMeoMop(J)H3MOM BCiofly, aa HCKJiiOHeHHeM, flnaro- 
HajibHbix H aHTHflHaronajibHbix noflnojTH37i,poB, na KOTopbix sth OTo5pa>Ke- 
HHa coBnaflaiOT c ecTecTBennbiMH npoeKLi,HaMH nacTH paa^yToii ^HaronajiH 
(cooTBeTCTBeHHO, aHTHflHaroHajin) na flHaronajib (cooTBeTCTBenHO anTHflHa- 
ronajib), noHHJKaiomHMH paaMepnocTb. 06o3HaHHM nepea K^J^, Ki^o nojiH- 

Sflpbi, nojiyneHHbie na k[^\ Ki b peayjibTaTe yflajienna tohbk na ^HaronajiH 
H aHTHflHaronajiH. 

CTaH;i;apTHbiM cnoco6oM onpe;i;e.rraTOTca ;i,By.rrHCTiibie iiaKpuBaiomHe K^^ , 
ii'(i), k[^J^, i^i o na^i; nocTpoeHHbiMH nojiH3;i;paMH h OToSpajKenna 
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KoopflHHaTHoe onncaHHe 3jieMeHTapHbix CTpaiOB npocTpancTB 

HycTb X e ^^0(1, • • • , ?"o) ^ TO^Ka, JieiKamaa na MaKCHMajibHOM sjieMen- 
TapHOM CTpaie. PaccMOTpHM Ha6opbi c4)epHMecKHx KoopflHnaT x\^i h X2,«, 
1 < i < To TOHKH X. ripH KaiK^OM 1 B03M05KHbi cjieflyiomHe cjiyHaH! napa 
i-bix KOopflHHaT coBnaflaeT; aHTHnoflajibna; BTopaa KOop^HnaTa nojiynaeT- 
ca H3 nepBOH b peayjibTaTe npeoSpaaoBanHa na oSpaayioinyio (hjih Mnnyc 
oSpaayiomyio) n,HKjiH^ecKoro naKpbiTHa. ConocTasHM ynopaflo^enHoii nape 

KOOpflHHaT Xi^j, X2,i BblMBT Vi CO 3HaHeHHeM +1, —1, +i HJIH —1 COOTBeTCTBeH- 
HO. 

ripH H3MeHeHHH Ha6opa KOop^HnaT o^Hoii h3 tohck na aHTHno^ajibRbiH 
Ha6op, CKajKCM, Ha6opa KOop^iHHaT tohkh a;2, Ha6op SHaHeRHH BbineTOB npn 
HOBOM BbiSope npooSpaaa X2 na c4)epHnecK0M naKpbiTHH nojiy^aeTca h3 
nepBOHaHajibHoro Ha6opa HaMenenHeM anaKOB. Hpn nepenyMepai^HH tombk 

Ha6op BblHCTOB H3MeHHTCa Ha KOMHJieKCHO-COnpaiKeHHblH. OneBH^HO, HTO 

Ha6op BbiHGTOB HB H3MeHHTca, BCJiH Bbi6paTb ^pyryio TOHKy Ha TOM me 3Jie- 
MGHTapHOM CTpaTe HpocTpancTBa Kqo ■ fljTJi npocTpancTBa Kqo CHpaBefljiHBbi 
anajiorHHHbie HOCTpoenna, t.k. o6e to^kh cjioa naKpbiTHa Kqo Kqo jiejKai 
na oflHOM 3jieMeHTapH0M CTpaie. 

3jieMeHTapHbie CTpaibi npocTpancTBa KQ(l,...,r) b cootbbtctbhh c 
onpe^ejieHRbiM Ha6opoM BbineTOB ^ejiaTca na 3 Tnna: Iq, I;,, Id. Ecuji cpe- 
flH BbinexoB Ha5opa BCTpenaiOTca Jinnib Bbi^eTbi {+i, — i} ({+1,-1}, 5y- 
flCM roBopHTb o5 sjieMeHTapnoM CTpaie THna (lb). Ecjih cpe^H BbineTOB 
BCTpeHaiOTca KaK BbiMCTbi H3 naSopa {+i, — i}, Tax h h3 Ha6opa {+1,-1}, 
6yfleM roBopHTb o6 ajieMenTapnoM CTpaie Tnna I^. JlerKO npoBepHTb, hto 
orpaHHHeHHe xapaKTepncTHHecKoro OTo6pa>KeHHa rj : Kqo K(D4, 1) na 
sjieivieHTapHbiH cxpaT THna npeflCTaBJieno KOMno3Hn;HeH neKOToporo 

OToSpajKCHHa b npocTpancTBO K{Ia, 1), K{Ih, 1), K{l(i, 1) c OTo6pa>KenHeM 
ia : K{Ia, 1) ^ i^(D4, K{h, 1) ^ ^^(04, 1) td : K{U 1) ^ i^(D4, 1) 

cooTBeTCTBenno. ^Jia cipaTon nepBbix flbyx thhob peflyKn,Ha cipyKTypnoro 
OTo6pa>KeHHa (c tohhoctbio ^o roMOTonnn) HeoflH03HaHHa, no onpe^ejiena 
jinnib c TO^nocTbio ;io OTo6pa>KeHHa, cooTBeTCTByion^eMy roMOMop4)H3My 
Bnemnero conpajKenna b no^rpynnax !«, I;,. 

KajKflbiH 3JieMenTapnbiH cipai npocipancTBa KqoI^, ■ ■ ■ ,ro) flByjincT- 
no naKpbinaeT ajieMenTapnbin cipai npocTpancTna iro,o(l, ■ ■ ■ , ^o). Hpn 
3T0M sjieMGHTapHbie CTpaTbi npocTpancTBa A'o,o(l, ■ ■ ■ , '"0) flejiaTca na th- 
nbi Eq, Efc, B cooTBeTCTBHH c TnnoM naKpuBaron^en KOMnonen- 

Tbi. 3Ta KJiaccH(|)HKan;Ha cooTBCTCTByeT pe;iyKu,HH CTpvKTypiioro OTo5pa>Ke- 
nna b npocTpancTBO K(E, 1) k OToSpaiKennio b noflnpocipancTBO i^(Ea, 1), 
^(Eft, 1), /^(Ed, 1) cooTBeTCTBenno. /l^Jia 3JieMenTapnbix CTpaion 6ojibmeH 



63 



rjiySHHbi nocTpoGHHa aHajiornHHbi. 

Koop^HHaTHoe onncaHHe sjieivieHTapHbix CTpaTOB npocTpancTB 

JXjih KajKfloii TOHKH X e Xi(l, . . . , ri), jiejKameii na MaKCHMajibHOM 3jie- 

MGHTapHOM CTpaTe paCCMOTpHM Ha6opbI CC|)epHHeCKHX KOOpflHHaT Xi^i H X2,i, 
1 < i < n. HpH KaJKflOM i B03M0>KHbI BOCGMb CJiyHaCB, B SaBHCHMOCTH OT 

Toro, KaKOH H3 sjieMeiiTOB Vi = {x2,i)^^xii CTpvKTypiiOH rpynnbi Qq, nepe- 
BOflHT npH yMHOJKeHHH cnpaBa ccJ^epHMecKyio KOop^HHaTy Xi^i b KOopflHHay 
X2,i- ConocTaBHM ynopflflOHeHHoii nape KOopflHnaT Xi^i,X2,i bbimbt Vi co ana- 
MenneM +1, —1, +i, — i, +j, — j, +k, — k cooTBeTCTBenHO. 

HpH H3MeHeHHH HaSopa KOop^HnaT to^kh xi (cooTBeTCTBenHO X2) na 
npeoSpaaoBaHHe Tpancjiai^HH (npaBoe yMHOJKeHne) na sjieivieHT t h3 rpyn- 
nbi Qa naSop BbineTOB npn hobom BbiSope npooSpaaa X2 na c(|)epHHecKO]vi 
naKpbiTHH nojiyHaeTCfl h3 nepBonaHajibnoro na6opa BbiHeiOB yMnojKenH- 
eM cnpaBa na t (cooTneTCTBenno yMnojKenneM cjiena na t~^). Hpn nepe- 
nyMepan,Hn ToneK naSop BbineTOB nsMennTCH na oSpaTHbin (i.e. BbineT Vi 
H3MeHHTca na v^'^). Ha6op BbneTOB iie HSMeimTca npn naMeiiennH toh- 
KH X npn npeoSpaaoBannn TpaHCJi5in,HH b naKpbiBaiomeM npn naKpbiTHn 
Ki(l, . . . ,ri) — > Ki(l, . . . ,ri). HoaTOMy ^Jia ajieMenTapnbix CTpaTOB npo- 
CTpancTBa Ko^i cnpaBeflJiHBbi anajiornnnbie nocTpoennfl. 

3jieMeHTapHbie CTpaTbi npocTpancTBa Kf'\l, . . . ,ri) b cooTBeTCTBnn c 
nocTpoennbiM Bbime Ha6opoM BbineTOB ;i;ejT5iTC5i na 3 Tnna: Qq , E5, I^. Ec- 
jiH cpe^H BbiHGTOB HaSopa BCTpenaiOTca Jinnib BbineTbi {+j, — j, +k, — k} h3 
Kjiacca CMejKnocTn Qa\Ia (cooTneTCTBenno {-|-i, — i, +1, —1}) h3 noflrpynnbi 
la), npnneM TOJibKO BbineTbi -|-j — j, jih6o TOJibKO BbineTbi -|-k — k, (cooTBei- 
CTBenno tojibko BbineTbi +1, —1, jih6o TOJibKO BbneTbi — i) 6yfleM roBO- 
pHTb o CTpaTe Tnna (cooTBeTBTBenno H5). B ;i,pyroM cjiynae, nanpniviep, 
ecjiH cpe;iH BbneTOB BCTpe^iaiOTca xax BbniCTbi na noflrpynnbi Iq, TaK n h3 
Kjiacca CMejKHOCTH Qa \ la, 6y/],eM roBopHTb o KOMnonenTC Tnna !„. 

JlerKO npoBcpHTb, mto orpannnenne xapaKTepncTHnecKoro OTo6pa>Ke- 
nna C : — > K(H., 1) na ajieMBHTapHbiii CTpaT Tnna Qa, (E^) npe^i;- 
CTaBJieno KOMno3Hn;HeH neKOToporo OTo6pajKeHHa b npocTpancTBO K{Qa-, 1) 
{K(Eh, 1)) c OToSpajKenneM BKJiio^ieima ia : K{Qa, 1) -^(H, 1) (if, : 
i^(E{,, 1) — > i^(H, 1)). /l^Jia CTpaTOB STnx ^nyx noflTnnon peflyKu,na CTpyK- 
Typnoro OTo6pajKenHa (c TonnocTbio flo roMOTonnn) neoflno3nanna, no jinnib 
c TonnocTbK) ^o OTo5pa>KenHa, cooTBeTCTByioin,ero BnemncMy conpajKcnnio 
B no^irpynnax Qa (E^) HCKOTopbiM npoH3BOJTbnbiM sjieMenTOM h3 KJiacca 
CMe>KiiocTH H \ Qa (H \ E5). ^Jia sjieMCHTapi-ibix Tnna la orpannHenne 
OTo6pa>Kenne : Ki^o -^(H, 1) npeflCTanjieno KOMno3nn,neH ncKOTO- 
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poro OTo6pa>KeHHa b npocTpancTBO K(Ia,l) c OToSpajKeHneivi BKJiiOHeHHa 



HaKptmaeT sjieMeHTapHbiii CTpaT npocTpancTBa Kio{l, . . . , r). HpH stom sjie- 
MeHTapHbie CTpaTbi npocTpancTBa A'io(l, . . . , r) TiejinTca na THnbi G^, G;,, 

Grf B COOTBGTCTBHH C rpynnOH CHMMBTpHH KOMnOHeHTbl (jIBHOe onHcaHHe 

3THX CTpyKTypHbix rpynn ne noTpe6yeTca) . PaccMaTpHBaeMaa KJiaccHc|)HKa- 
n,Ha cooTBeTCTByeT peflyKn,HH CTpyKTypnoro OTo5pa>KeHHa b npocTpancTBO 
K{G, 1) K OToSpajKeHHK) b no^npocTpancTBO K{Ga, 1), K{Gb, 1), K{Gd, 1) 
cooTBeTCTBeHHO. l[jisi 3JieMeHTapHbix CTpaTOB Sojibineii rjiy6HHbi Bce nocipo- 
GHHa aHajiorHMHbi. 

IlocTpoeHHe CTpyKTypHbix OTo6pa:aceHHH rj : Kqo K(D4,1), rj : 
Kqo — > ^(E, 1) npn noMomH KOop^HHaT 

HycTb X — [(xi,X2)] - OTMeneHHaa TOHxa na K^ o, jieiKainaa na MaKCHMajib- 
HOM 3JieMeHTapH0M CTpaie. PaccMOTpHM aaMKHyTbiii nyib A : — > Kq, 
Ha^iHHaiOTTiHHca H saKan^HBaiomHHca b stoh OTMe^ieHHoii tomkb, nepecexa- 
lomHM oco6bie CTpaTbi rjiySnnbi 1 b oSmeM nojiojKeiiHH no KOiieniiOMv mho- 
jKecTBy TOHCK. HycTb {xi,X2}- BbiSop ccjjepHHecKHx npoo6pa30B to^ikh x. 
Onpe^ejiHM ^pyryio napy (x'i,X2) cc|)epHHecKHx npoo6pa30B tohkh x, ko- 
Topaa 6yfleT nasbiBaTbca CHCTeMoii KOopflHnaT, nojiyHenHOH b peayjibTaie 
ecTecTBeHHoro npeo6pa30BaHHa CHCTeMbi KOopj(HHaT (,Ti,,T2) b/iojib nyTH A. 

B peryjiapiibix TOHKax nyxH A ceMeiicTBO nap c(|)epHnecKHx npoo6pa30B 
B o;i;HonapaMeTpHnecKOM ceMeiicTBe jvienaeTca nenpepbiBHO, hto oflnoananno 
onpe^ejiaex npoo6pa3bi b KoneHHOii tohkb nyxn no nanajibnbiM anaHennaM. 
Hpn nepeceHennn nyra co CTpaiOM rjiy6HHbi 1 cooTBeTCTByioin,aa napa cc|)e- 
pH^iecKHx Koop,T,HHaT c HOMcpoM / npexepneBaeT paapbiB. HocKOJibKy Bce 
ocTajTbHbie KOop/iHHaTbi ocTaiOTCH pery.rrapHbiMH, hx npo/[OJi>KeHHe b^^ojib 
nyTH b KpHTHMecKHii MOMGHT BpeMGHH oflHOSHaHHO onpeflejiGHO. Ho ;i;jia 3a- 
flannoii tohkh x na ajieMenxapHOM cxpaxe rjiy6HHbi npocxpancTBa Kq bm- 
6op xoTa6bi oflHoii napbi c(|)epH^ecKHx KOopflnnaT c neKOTopoM noMepoM 
OflH03HaHHO onpe;i;ejiaeT Bbi5op c4)epH^ecKHx KOop^nnaT co bcbmh ociajib- 
HbiMH HOMepaMH. Cjie^OBaTejibHO, npoflOJi>KeHHe c4)epH^ecKHx Koop^nnaT 
B;i;ojib nyxH o;i;H03HaHHO onpe;i;ejieHO b okpgcthocth ocoSoh tohkh nyin. 

npeo6pa30BaHHe ynopaflOHennon napbi (xi,X2) b ynopa^OHennyio napy 
(x'i,X2) onpe^ejiaex ajieMenx b rpynne D4. 3tot ajieMenx ne 3aBHCHT ot 
BbiSopa nyTH / b Kjiacce SKBHBajieHTHbix nyTeii, onpe/tejiennbix OTHomenHeM 
roMOTOHHOCTH B rpynne tti^Koo, x). Teu caMbiM, onpe;],ejien roMOMop(J)H3M 
7ri(i^oo,a;) — > D4, npH^eivi HH;i;yn;HpoBaHHoe OToSpajKenne 





(74) 
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coBnaflaeT co CTpyKTypHbiM OToSpajKenneM, KOTopoe 6biJio onpe;i;ejieHO pa- 
Hee. CTpyKTypHoe OTo6pajKeHHe 

fi:Koo-^K{E,l) (75) 

onpe^ejieno anajiorH^HOH KOHCTpyKn,HeH. HeTpy^HO npoBepHTb, hto orpa- 
HH^eHHe CTpyKTypnoro OTo6pajKeHHa rj (17) na KOMnoneHTbi CBaanocTH o^- 
Horo sjieMGHTapHoro CTpaTa Koo{^, ■ ■ ■ (-^oo(l, •••;''")) roMOTonno OTo6pa- 
jKeHHK) B no;i;npocTpaHCTBa K(la, 1), -^'(1;,, 1), Kil^, 1) {K(Ea, 1), K(Eh, 1), 
K(Ed, 1)), ^TO cooTBeTCTByeT rany h noflrany sjieMeHTapHoro CTpaia. 

PaCCMOTpHM SJieMGHTapHblH CTpaT Kolki, . . . , kg) C -fToo" (cOOTBeT- 

CTBGHHO i^o(^i5 • • • ! kg) C KqI°~'^^) rjiy6HHbi tq — s. 05o3HaHHM nepea 

7i:Koiki,...,ks)^KiZ/2,l) (76) 

(cOOTBeTCTBGHHO HCpeS 

7c:ko{ki,...,h)^K{Z/2,l)) (77) 

- KJiaccH4)Hii;Hpyioiii;ee OToSpajKeHne, OTBenaioinee aa nepecTanoBKy tohck 
napbi npn o5xo;i;e no aaiviKHyTOMy nyTH na 3tom BJieMeHTapnoM CTpaTe. Oto5- 
pa>KeHHe vr (cooTBeTCTBenHO vr) coBna^aeT c KOMno3Hn,HeH 

K,{k,, ...,kg)^ K{-D,, 1) ^ K{Z/2, 1), 

(cOOTBeTCTBeHHO C K0Mn03HIi;HeH 

ko{k,,..., kg) ^ K{E, 1) ^ K{Z/2, 1), ) 

r^e /s:(D4,l) K{Z/2,1) (cooTBeTCTBenHO K(E,1) K{Z/2,1)) - 
OToSpaaceHHe KJiaccH(|)Hii;Hpyioiii;Hx npocTpancTB, KOTopoe HHflyii;HpoBaHO 

3nHM0p(J)H3M0M D4 — > Z/2 C JlflpOM Ic C D4 (cOOTBeTCTBGHHO 3nHM0p(J)H3- 

MOM E —>■ Z/2 c aflpoM Ec C E). 

JleMMa 32. OspanuHenue omo6paMceHUH (1 761) ( coomeemcmeeHHO fl 771) ) ho 
Kaofcduu 3JieMeHmapHuu cmpam soMomonHO KOMno3u%uu 

TTi : Ko(A;i, . . . , fc,) C i^(Z/2, 1), (78) 

( coomeemcmeeHHO KOMno3uii,uu 

TTi : i^o(A;i, . . . , fc,) ^ 5^ C ir(Z/2, 1), ) (79) 

8de C i^r(Z/2,l)- BAOCHceHue 1-MepHoso ocmoea KAaccucfiuv^upywmeso 
npocmpaHcmea, tti ( coomeemcmeeHHO tti )-HeKomopoe omo6pacHceHue. 



66 



/^OKaaaTejibCTBO JleMMbi 1321 



CTpyKTypHoe OTo5pa>KeHHe rj onpe^ejisieTca npeoSpaaoBaHHeM KoopflHHaT 
Ha CTpaTax thhob !„, 1^, 1^. OTo5pa>KeHHe fl76l) onpeflejiaeTCfl npeoSpaaoBa- 
HHCM BbiSpaHHOH (npoHSBOJibHon) napbi KOop^HnaT c BbiHeTaMH i, — i ^jih 
CTpaia la H c BbiHGTaMH +1, —1 fljia CTpaTa Ife. ^Jia CTpaia Tnna 1^ oto5- 
pajKenne fl76l) nyjieBoe. HpeoSpaaoBaHHe BbiSpaHHofi KOop;i;HHaTbi na CTpaTe 
flaHHoro THna onpe;i;ejiaeTca OToSpajKeHHeivi BH^a flTSjl , hto ;i;oKa3biBaeT Tpe- 
6yeMoe b cjiynae OToSpajKenHa (f76ll . /Jjih OTo6pa>KeHHa (l79ll ^OKaaaTejibCTBO 
anajiorHHHO. JleMMa [32] ^OKaaana. 



HaM TaK>Ke noTpe5yeTCfl jieMMa o S-tohghhom K0H4)Hrypan,H0HH0M 
npocTpancTBe, accoii;HHpoBaHHOM c HaKpbiTneM p : U{ki,...,ks) 
Jo{ki, . . . , kg) Hafl BJieMGHTapHbiM CTpaTOM nojiHBflpa Jq. C(|)opMyjiHpyeM 
TpeSyeMbie onpe;i;ejieHHa (cm. HHJKe JleiviMa [33l) . 

/l^jifl HaKpbiTHa p : U{ki, . . . ,ks) Jo{ki, . . . , ks) , I < ki < ■ ■ ■ < kg < 

^0, ro^min < S Ha^ npOH3BOJIbHbIM SJieMGHTapHblM CTpaTOM npocTpaHCTBa Jo 

onpeflejiHM KOH(J)Hrypaii;HOHHoe npocTpancTBO K3o{ki, . . . , fc^) no 4)opMyjie: 

K3o{ki, ...,ks) = 

{{x, y, z) G U^{ki, ...kg) : p{x) = p{y) = p{z),x y,y ^ z, z x}. (80) 

Ha npocTpancTBC U^{ki, . . .kg) ^encTByeT rpynna S3: 

a:i:^xU\k^,...,kg)-^U\k^,...,kg). (81) 

OrpanHHCHHe ^chctbha f l8ip na no^npocTpancTBO f l80p HBjiHCTca CBoSo^HbiM 
fleHCTBHCM, KOTopoe Mbi o5o3HaHHM Hcpes 

aKz, : S3 X i^3o(fci, ...,ks)^ i?3o(fci, . . . , fc.). (82) 

Onpe;i;ejieHO 4)aKTopnpocTpaHCTBO no ^eflcTBHio (l82|) . KOTopoe mm oSoana- 
HHM nepea K3(j{ki, . . . ,ks). 

Ha npocTpancTBC K3o{ki, . . . ,ks) onpe^ejiena CBoSoflnaa HHBOJiion,HH, 
HHflyn,HpoBaHHafl HHBOJiion,HeH b naKpbiBaiomeM naKpbiTHH U{ki, . . . , kg) — 
U{ki, . . . ,ks), oSosHanaeMafl nepea ~. 

Onpe^ejieHO CBo6o;i;Hoe ;i;eHCTBHe na (J)aKTopnpocTpaHCTBax cootbct- 
CTByiomnx hhbojiioii;hh 

aK3o ■ S3 X K3o{ki, kg)/ > K3o{ki, kg)/ ~ . (83) 
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Onpe;i;ejieHO npocTpancTBO K3Q{ki, . . . kg), KOTopoe aBJiaeTca 6a30H 2- 
jiHCTHoro HaKpbiTHa K3f){ki, . . . ,ks) — > K3o{ki, . . . ks), onpe;i;ejieHHoe kbk 
(|)aKTopnpocTpaHCTBO no fleiicTBHio ( !83l) . 
Onpeflejiena KOMMyTaTHBHaa flnarpaMMa: 

K3o{k^,...,k,) ^ if(S3,l) 

i II (84) 

K3oik,,...,h) ^ ir(S3,l), 

B KOTopoH ^epea ctq (cooTBeTCTBenHO ao) oSoana^eHbi xapaKTepncTH^ecKHe 
OTo5pa>KeHHa naRpbiTHfi (1821) (cooTBeTCTBenHO (1831) ). 

JleMMa 33. Omo6paotceHun a^, e duaspaMMe ( [&^ mpueuaAbuu. 
/^OKasaTejibCTBO JleMMbi [331 

HocKOJibKy rpynna HaKpbiTna U{ki, . . . ,ks) Jo{ki, . . . ,ks) ne coflepjKHT 
sjieMGHTOB HeneTHoro nopa^Ka, to rpynna naKpbiTna (1821) mojkgt co^ep- 
jKaTb jinnib neTpnBnajibHbie sjieivieHTbi nopa^Ka CTenenen 2. HycTb I : ^ 
K3o{ki, . . . ,ks)- saMKHyTbiii nyTb, b^ojib KOToporo TOHKa c KOop^nnaTa- 
MH {x,y,z) E K3o{ki, . . . ,ks) npeoGpaayeTca b TOHKy c KOop^nnaTaMn 
{xi,yi, z') G ^3o(fci, . . . ,ks) b tom jkg cjioe naKpbiTna (l82|) . Tor;i;a no ycjio- 
BHK) KOopflnnaTbi z m z' jinSo coBna;i;aiOT, jih6o CBaaanbi npeoGpaaoBanneM 
na oSpaayiomyio h3 I^. Ho Tor^a n napbi KOop^nnaT (x, Xi), {y,yi) TaK>Ke 
CBaaanbi TaKHM >Ke npeoSpaaoBanneM, nocKOJiBKy npn nepenoce b^ojib nyin 
KajKflafl H3 Tpex cooTBCTCTByiontHx KOop^nnaT tohgk cjioh naKpbiTHH f l82p 
MenaeTca o;i;HHaKOBO. CjieflOBaTejibno, Tpn napbi tohgk c cooTBeTCTByioni;H- 
MH KOopflnnaTaMH coBna^aiOT. /JoKaaano, hto OToSpajKenne ctq TpnBHajibno. 
/^OKaaaTejibCTBO ^Jia OToSpajKenna (Tq anajiornHno. JleMivia [33l ^OKasana. 



IlocTpoeHHe CTpyKTypHMx OTo6pa5KeHHH ( : Kio K(H.,1), fj : 
Kio K{G,1) npn noMOiij;H KOop^HHaT 

HycTb X = [{xi,X2)] - OTMenennaa TOHKa na Kio, jiejKani;aa na MaKcniviajib- 

HOM SJieMGHTapHOM CTpaTG. PaCCMOTpHM SaMKHyTblH nyTb A : S"^ — ^ Kio, 

na^nnaiomnnca n 3aKan^HBaion],HHca b stoh OTMe^ennoii tohkg, nepeceKa- 
ioni;HH ocoSbie CTpaTbi rjiySnnbi 1 b o6ni;eM nojioacennH no KoneHHOiviy mho- 
jKecTBy TOHCK. HycTb {xi,X2)- BbiSop c(|)epHHecKHx npooSpaaoB tohkh x. 
Onpe;i;ejiHM ^pyryio napy {x'i,X2) c(J)epHHecKHx npooSpaaoB tohkh x, ko- 
Topaa Gy^eT nasbiBaTbca cncTeMon KOop^nnaT, nojiynennoH b peayjiBTaTe 
ecTecTBennoro npeoGpaaoBanna CHCTeMbi KOop^nnaT (xi,X2) b^ojib nyTH A. 
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B peryjiapHbix TOHKax nyTH A ceivieHCTBO nap c(i)epHHecKHx npoo6pa30B 
B o^HonapaMeTpHHecKOM ceMeficTBe MenaeTca nenpepbiBHO, hto oflHoanaHHO 
onpeflejifleT npoo6pa3bi b KoneMHoii tomkb nyTH no nanajibnbiM anaHenn- 
HM. Hpn nepecenenHH nyTH co CTpaTOM rjiySnnbi 1 cooTBeTCTByioni,a5i napa 
c4)epHHecKHx KOop^nnaT npeTepnesaeT paapbiB. HocKOJibKy nee ocTajibHbie 
KOopflHHaTbi ocxaiOTca peryjiapHbnvin, nx npo;i;oji>KeHHe b^ojib nyxn b kphth- 
necKHii mombht BpeMenn o^noanaHHO onpe^ejieno. Ho ^Jia aa^annofi tohkh 
X na 3JieMenTapnoM CTpaTe rjiy6Hnbi npocTpancTna Kia Bbi6op xoTa6bi 
OflnoH napbi c(|)epHHecKHx KOop/innaT c neKOTopoM noMepoM o,T,no3nanno 
onpe^ejiaeT BbiSop ccjjepnnecKnx KOop^nnaT co BceMH ocTajibHbiMn noMe- 
paMH. Cjie^OBaTejibHO, npo;i;oji>KeHHe c4)epHMecKHx Koop^^nnax b^ojib nyTH 
oflHoanaHHO onpe^ejieno b OKpecTHOCTH oco6oh tohkh nyTH. 

npeo6pa30BaHHe ynopaflOHennoH napbi {x\^X2) b ynopa^OHennyio napy 
(x'lj^y onpeflejiaeT sjieivienT b rpynne H. 3tot sjieivieHT ne aanncHT ot bbi- 
6opa nyTH A b rpynne 'Ki{Kio.x). Tbm caMbiM, onpeflejien roMOMopc|)H3M 
T:i{Kia^x) — >■ H. HHflyn;HpoBaiiiioe OTo6pa>KeHHe 

C : i^io ^ i^(H, 1) (85) 

coBna^aeT co CTpyKTypnbiM OTo6pa5KeHHeM. CTpyKTypnoe OTo6pa5KeHHe 

C.K^o^ K{G, 1) (86) 

onpe^ejieno anajiornnnoH KoncTpyRnneH. HeTpy^no npoBepHTb, mto orpann- 
nenne CTpyKTypnoro OToSpajKenna ^ (cooTBCTCTBenno Q na o^hh sjiCMen- 
TapnbiH CTpaT Ki[l, . . . ,r) (cooTBCTCTBenno Ki[l, . . . ,r)) tomotohho oto6- 
pajKCHHio B noflnpocTpancTBa ir(Qa,l), K(Eh,l), K(Ia,l) (b KJiaccH4)H- 
n,Hpyion],He npocTpancTna, cooTBeTCTByioin,He KBaflpaTnnnbiM pacmnpenHaM 
rpynn Qa, E^, !„). 

PaccMOTpHM sjieMeHTapnbiH CTpaT Ki(ki, . . . ,ks) (cooTBCTCTBcnno 
Ki(ki, . . . ,ks)) rjiySnnbi ri — s npocTpancTBa Kio (cooTBCTCTBenno Kio)- 
06o3HaHHM Hcpea 

IT : Ki{ki,...,ks) ^ K{Z/2,1) (87) 

(cooTBCTCTBenno nepea 

7r:Xi(A;i,...,A;,)^X(Z/2,l)) (88) 

- KJiaccH4)Hn;Hpyioni;ee OToSpajKcnne, OTBeHaioni;ee aa nepecTanoBKy tohck 
napbi npn o6xo^e no aaMKnyTOMy nyTH na ajiCMCHTapnoM CTpaTC. OTo6pa- 
JKCHHC TT (cooTBCTCTBenno tt) coBna^aeT c KOMno3Hn;HeH 
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(cOOTBeTCTBeHHO C 

K{G, 1) ^ K{Z/2, 1), 

r;;e K(H, 1) ^ ir(Z/2, 1) (cooTBeTCTBGHHO ir(G, 1) i^(Z/2, 1)) - 

OTo5pa>KeHHe KjiaccH(|)Hn,HpyiomHx npocTpancTB, KOTopoe HH;],yn,HpoBaHO 

3nHMOp4)H3MOM H — s> Z/2 C SJipOM C H (cOOTBeTCTBeHHO 3nHM0p(|)H3- 

MOM G Z/2 c aflpoM Gc C G). 

JleMMa 34. Omo6pacHceHue fig 71) ( coomeemcmeeHHO {\88{] ) zoMomonno kom- 
no3uii)UU 

TTi : . . . , A;,) ^ c ir(Z/2, 1), (89) 

( coomeemcmeeHHO 

TTi : . . . , A;,) ^ MPV ir(Z/2, 1), ) (90) 

8(?e MP^ C -ft'(Z/2, 1)- BAOCHceHue 2-MepHoso ocmoea KAaccu^wnupymiu^ezo 
npocmpancmea, vti ( coomeemcmeeHHO tti )-HeKomopoe omo6pacHceHue. 

/^OKaaaTejibCTBO JleMMbi 1341 

CTpyKTypHoe OToSpajKenne ( onpe^ejiaeTca npeoSpaaoBaHneM KOop^HnaT 
na CTpaTax thbob Q^, H;,, Iq. OTo6pa>KeHHe (l76ll onpe;i,ejiaeTca npeoSpaao- 
BaHHGM BbiGpaHHoii (npoHSBOJibHon) napbi KOop^HnaT c BbineTaMH i, — i ^jih 
CTpaxa Qa H c Bbi^eTaMH +1,-1 fljifl CTpaTa Hb. /^jih CTpaia Tnna Iq oto6- 
pajKenne fISTI) nyjieBoe. HpeoSpaaoBaHHe Bbi6paHH0H KOop;i;HHaTbi na CTpaTe 
/laHHoro THna onpe;i;ejiaeTca OTo6pajKeHHeM BH;i;a fl89|) , nocKOJiBKy KaK oto6- 
pa>KeHHe S^/Qa K{Z/2,1), cooTBeicTByiomee 9nHMop(|)H3My Qa Z/2 
c a^poM la C Qa, TaK H OTo6pa>KeHHe 5*^/1 K{Z/2, 1), cooTBeTCTByiomee 
3nHMop(|)H3My la Z/2 c aflpoM Id C la, TOMOTonHbi OToSpaaceHHaM B 
2-MepHbiH ocTOB KJiaccH4)Hii;Hpyioiii;ero npocTpancTBa. 3to flOKasbiBaeT Tpe- 
SyeMoe b cjiyaae OTo6pa»ceHHa 0871) . ^Jia OToSpaaceHHa [90l noKaaaxejibCTBO 
anajiorHaHO. JleMMa [34] ^OKaaana. 

HaM TaKace noTpe6yeTca jieMMa, anajiorHaHaa JIgmmg [331 C(J)opMyjiHpy- 
eM TpeSyeMbie onpeflejieHna. 

HaKpbiTHa p : U{ki, . . . ,ks) — > Ji{ki, . . . , k^) , 1 < ki < ■ ■ ■ < kg < 

fl, ^l,mm < S Ha^i; npOH3BOJIbHbIM SJieMGHTapHblM CTpaTOM Onpe;i;ejIHM KOH- 

c|)Hrypan,HOHHoe npocTpancTBO K3i{ki, . . . ,ks) no (|)opMyjie: 

K3i{ki, ...,ks) = 
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{(x, y, z) e U'\ki, ...ks): p{x) = p{y) = p{z),x ^ y,y z, z ^ x}. (91) 

Ha npocTpancTBe U^{ki, . . . kg) fleiicTByeT rpynna S3, nepecTaBJiaa koop;i;h- 
HaTbi: 

a : S3 X U'ik,, U^k,, ...,ks). (92) 

OrpaHHMeHHe fleflcTBHa fl92|) na noflnpocTpancTBO fl9T]) sBJiaeTca CBo6o;i;HbiM 
^eflcTBHeM, KOTopoe Mbi o5o3Ha^HM nepea 

aK3, ■■ S3 X K3i{ki, ...,ks)^ K3i{ki, ...,ks). (93) 

Onpe^ejieHO 4)aKTopnpocTpaHCTBO no flencTBHio ( l93l) . KOTopoe Mbi oSoana- 
nHM nepea ii'3i(/i;i, . . . , fc^). 

Ha npocTpancTBe K3i{ki, . . . ,ks) onpe^ejiena CBoSoflHaa HHBOJiion,HH, 
HHflyii;HpoBaHHaa HHBOJiioii;HeH b HaKpbiBaiomeM naKpbiTHa U{ki, . . . ,ks) — > 
U{ki, . . . ,ks), o5o3HaHaeMaa HHJKe CHOBa nepea ~. Onpe;i;ejieHO CBoSo^Hoe 
^encTBHe na (J)aKTopnpocTpaHCTBax cooTBeTCTByiomHx HHBOJiion,HH 

aK3^ : S3 X i?3i(fci, . . . , h)/ > K3i{ki, K)/ ~ . (94) 

Onpe^ejieno npocTpancTBO K3i{ki, . . .ks), KOTopoe aBjiaeTca 6a30H 2- 
jiHCTHoro HaKpbiTHa K3i{ki^ . . . ^ks) — > K3i{ki^ . . .ks), onpe^ejienHoe KaK 
(|)aKTopnpocTpaHCTBO no ^encTBHio (l94l) . 
Onpeflejiena KOMMyTaTHBHaa ;i;HarpaMMa: 

i^(S3,l) 

II (95) 

^(^3,1), 

B KOTopoH nepea o"i (cooTBCTCTBenno ai) oSoananenbi xapaKTepncTnnecKne 
OToSpajKenna naKpbiTnn (1931) (cooTBeiCTBenno (1941) ). 

JTeMMa 35. Omo6pacHceHusi 0"i e duaspaMMe fl 99i) mpueuaAtHU. 
/^OKaaaTejibCTBO JleMMbi 1351 

/JoKaaaTejibCTBO anajiornnno ^OKaaaTejibCTny JleMMbi [331 



K3i{ki,...,ks) 
i 

K3i{ki,...,ks) 
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IloflnpocTpaHCTBa K3qo C KSq, KSqo C K3q 
OnpeflejiHM npocTpancTBO K3o no (J)opMyjie 

[{x,y,z)l{x,y,z) E {W--''f\pj,{x) = pjM = PJoi^) ^ \ Ji''™"\ 

(r^e [ ] oana^aeT Kjiacc BKBHBajieHTHOCTH TpoeK npH HaMenenHH nopa^- 
Ka ToneK) npHneivi ecjin x = y = z, to Pjo{x) hg npHHa;i;jie>KHT CTpaTy 
npocTpancTBa Jq MaKCHiviajibHOH paaiviepHOCTH. OnpeflejiHM no;i;npcTpaHCTBO 
K3qo C KSq KaK npocTpoancTBO, nojiyneHHoe h3 KSq b peayjibTaTe y;i;a- 
jieHHfl Heynopfl;],OHeHHbix TpoeK tohgk, nonaBniHx na ;],BOHHyio hjih Tpoii- 
Hyio flHaronajib, T.e. TpoeK [{x,y,z)], ^jih KOTopbix BbinojiHeno xothSm o^ho 
H3 paBGHCTB X = y, y = z, z = X. no;i;npocTpaHCTBO K3qo C K3q 5ib- 
jiaeTca ;i;ByjiHCTHO HaKpbiBaioinHM npocTpancTBOM na^i; no;i;npocTpaHCTBOM 
i^3oo C K3q. OnpeflejieHHa sthx naKpbiTHH CTaH^apTHO h onycKaeTca. 

HpocTpaHCTBa K3oo, K3oo mojkho onpe^ejiHTb no-^pyroiviy npn noMO- 

mH CKJieeK SJieMGHTapHblX CTpaTOB paSJIH^HOH rjiy6HHbI S, < S < imax,0- 
HpOCTpaHCTBO K3oo (cOOTBeTCTBGHHO K3oo) CKJieHBaeTCa H3 SJieMGHTap- 

Hbix CTpaTOB K3i{ki, . . . ,ks) (cooTBeTCTBGHHO i^3i(A;i, . . . , kg)) rjiySHHbi i, 
< i < Tjnaxfi- Hpn 3T0M HCHOJibsyiOTca sjieMGHTapHbie CTpaTbi, cocToainne 
H3 HeynopaflO^eHHbix TpoeK nonapno pasjiHHHbix to^gk. 

Ilo^npocTpaHCTBa K3io C K3i, K3io C K3i 

HocTpoeHHe npocTpancTB K3io, K3io nojinocTbio anajiorH^no nocTpoenHio 
npocTpancTB K3oo, K3oo- 

IlocTpoeHHe npocTpancTB RKqo, RKqo, RKq, RKq paspemeHHH 
ocoGeHHOCTeii h nocTpoeHne S-jihcthbix HaKpbiTHH p3o '■ RKqo 
K3oo, p3o ■ RKqo — > -^^300; p3 : RKq K3o, p3 : RKq K3o. 

(s) 

PaccMOTpHM noflnojiH3;i;p KqJ C Kq , onpe;i;ejieHHbiH b peayjibTaTe o6T.eflHHe- 
HHa Bcex ocoSbix CTpaTOB rjiy6HHbi s, < s < rmm,Oi ne jiejKainHx ii;ejiHKOM 
na ;],HaroHajiH hjih anTH^HaroHajiH. 

PaccMOTpHM flnarpaMMy ( l45i l OTo5pa>KeHHH KjiaccH4)Hn,HpyiomHx npo- 
CTpaHCTB. 3Ta flHarpaMMa HH;i;yii;HpyeT cjie^yiomyio KOMMyTaTHBHyio ;i;Ha- 
rpaMMy: 



Ip3i'^ ip3i'^ (96) 

ir3i? K3it 
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HpocTpaHCTBO RKqJ (cooTBeTCTBeHHO RKqI^) b 3T0H flHarpaMMG onpe- 
^ejiHM KaK npocTpancTBO ynopaflO^enHbix TpoeK Heynopa^o^enHbix nap 
b,^], x,y,z e p'\Jo^) C MP""'', x y,y z,z x, 

p{x) = p{y) = p{z) (cooTBeTCTBGHHO KaK 4)aKTopnpocTpaHCTBO yKaaan- 

HblX TpoeK npn yiVIHOJKeHHH na i). HpOCTpaHCTBO RKqI^ (cOOTBeTCTBGHHO 

RKq'^J) aBJiaeTca HaKpbiBaiomHM npocTpancTBOM S-jihcthofo naKpbiTHa p3o^^ 

(cOOTBeTCTBGHHO p3i^^) Hajl npOCTpaHCTBOM K3^q] (cOOTBeTCTBGHHO K3i^^). 
HaKpblTIie p3i^^ (cOOTBeTCTBGHHO nafl KajKflbiM sjieMeHTapnbiM CTpa- 

TOM K3Q{ki, . . .ks) (cooTBeTCTBGHHO ii'3o(/ci, . . . kg)) onpe;i;ejieHO no (J)opMy- 
jie {[x, y], [y, 2;], [2;, x]} — * [x,y,z\. HpocTpancTBa RK^J RK^J bkjuomghm b 
KOMMyTaTHBnyio ^narpaiviMy OTo5pa>KenHH (naKpbiTnn): 



i vrSi^) i n3i'^ (97) 

-"■Oo ^ -"Oo • 

B SToii ^narpaMMe OToSpajKenne (naKpbiTne) vrSi*^ (cooTneTCTBen- 
no ttSo'*'') anjiaeTca TaBTOJiornnecKHM naKpbiTHeM, nepeno^amnM nepnyio 
neynopaflo^ennyio napy to^gk [x,y], x,y E p^^iJcf^) C MP""*', p{x) = p{y) 
B Ty me caMyio neynopaflonennyio napy tohgk (cooTBCTCTBenno b Kjiacc 3k- 
BHBajienTnocTH toh >Ke napbi npn ;],eHCTBHH i), KOTopaa paccMaTpnBaeTca 
KaK TO^Ka na K^^J (cooTBCTCTBenno na K!f '^). 

JleMMa 36. KoMno3u%ufi rj^'^'^ o ttSo**^ : RK^'^J — > KqJ — > KCD^, 1), sde 
r]^^^ -ozpaHUHCHue cmpyKmypnozo omo6paotceHUH rj ( cm. ( [7^ ) na coomeem- 
cmeytomuu ajieMenmapHuu cmpam SAy6uHU s, soMomonna omo6paMceHuw 
ii„D4 ° VnK^s, ■■ RkS K{ld, 1) — i^(D4, 1). 

KoMno3U^UH fi^'^ o vrSi'^ : RK^^'J — > K^^'J — > K{E,l), sde r)(*)- 
ospaHuneHue cmpyKmypnoso omo6paMceHUH fj ( cm. fl 751) ) na coomeem- 
cmeytomuu ajiCMCHmapHuu cmpam SAy6uHU s, soMomonna omodpaotceHuto 
ii.,E o r^^^w : — . K{\a, 1) — ir(E, 1). 



/^OKasaTejibCTBO JleMMbi 

OrpaEHMenne CTpyKTypnoro OToGpajKenna rj (cooTBeTCTBenno 17) na 3Jie- 
MeHTapHbiH CTpaT roMOTonno Oflnoiviy h3 OToGpajKennn b no^npocTpancTBa 
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K{h,l) C i^(D4,l), K{la,l) C ir(D4,l), K{h,l) C ir(D4,l). ^OKaaa- 
TejibCTBO BbiTCKaeT H3 JleMMbi [33l nocKOJibKy OTo5pa>KeHHe irSi^^ ecTecTBen- 
HO no OTHomeHHK) K KaHOHHHecKOMy HaKpbiTHK) B oSpaae h npoo6pa3e. ^o- 
KaaaTejibCTBO ^Jia OTo6pa>KeHHa anajiornHHO. JleMMa [36l ^OKasana. 

OnpeflejiHM KOMMyTaTHBHyio ^HarpaMMy S-jihcthbix HaKpbiTHii: 

RKo, RKoo 

i p3o i p3o (98) 

H KOMMyTaTHBHyio flHarpaMMy OTo6pa>KeHHH: 

i 7r3o i 7r3o (99) 

Koo — »■ Koo- 

/^HarpaMMa ( l98l) (cooTBexcTBeHHO ( l99l) ) onpe^ejiena anajiorHnHbiMH (J)op- 
MyjiaMH KaK (l96l) (cooTBeTCTBGHHO ( l97l) ). BMecTO BJieMGHTapHoro CTpaxa b 
6a3e HaKpbiTHa paccMaTpHBaeTca Bce npocTpancTBO KSqo KSqo (cootbgt- 
CTBGHHO Kqo — ^ -^Oo)- IlHarpaMMa [99l TaKace onpeflejiena anajiornHHO. ^na- 
rpaMMbi (!98l) . (!99l) mojkho onpe^ejiHTb no-^pyroMy KaK peayjibiaT ckjighkh 
ceMeiicTBa ^HarpaMM fl96p . fl97p na^ bcgmh BJieMenTapHbiMH CTpaxaMH rjiy- 

GhHBI S, < S < imaxfi- 

Onpe^ejiHM npocTpancTBa RKq, RKq h flnarpaMMy HaKpbiTHii (bepTH- 
KajibHbie CTpejiKn): 



(100) 



RKo - 


RKo 






K3o - 


- K3o, 


RKo - 


RKo 


i vr3 


i vr3 


Ko - 


- Ko. 



(101) 



74 



HpocTpaHCTBO RKo (cooTBeTCTBeHHO RKq) onpe^ejiHM KaK aaivibiKaHHe 
npocTpancTBa RKqo (cooTBeTCTBGHHO RKqo) T.e. KaK peayjibTaT npHCoe;i;HHe- 
HHH Bcex sjieMGHTapHbix flHaroHajibHbix H aHTH^HaroHajibHbix CTpaTOB rjiy- 
5HHbi i, 1 < i < imaxfl, JicjKamHx Ha rpaHHn,e. npHcoe;],HHeHHe ^Haronajib- 
Hbix H aHTH^HaroHajibHbix CTpaTOB npoHCxo^HT TaK, ^TO KajK^biii npHCoe^H- 
HeHHbiii flnaroHajibHbiH hjih aHTH;i;HaroHajibHbiH BJieivieHTapHbiH rjiySnHbi i 
CTpaT jiejKHT B rpaHHii;e poBHO o^Horo BJieMeHTapnoro CTpaTa rjiySnnbi i — 

Cjioh Ha^ rpaHH^HbiMH ajieMGHTapHbiMH CTpaTaMH K3o \ K3oo (coot- 
BeTCTBGHHO K3o\ K3oo) ^ejiaTCfl na cjie^yiomHe Tnnbi. /Jjia BJieMeHTapHoro 
CTpaTa nepBoro THna npocTpancTBa i^3o\-ft'3oo (cooTBCTCTBeHHO i^'3o\-ft'3oo)) 

npOoSpaa npn naKpblTHH p3 (cOOTBCTCTBeHHO p3^^^ ) COCTOHT H3 flH3T.IOHKT- 
HOrO 06T.eflHHeHHa ajieiVieHTapHOrO CTpaia rpaHHIi;bI Qdiag HJIH QanUdiag (COOT- 
BeTCTBCHHO Qdiag HJIH QanUdiag) H napbl COBna^aiOmHX pCryjIflpHblX SJieMCH- 

TapHbix CTpaTOB. J\jiii sjieMCHTapHoro CTpaTa BToporo THna npocTpancTBa 
ii'3o\i^3oo (cooTBCTCTBeHHO i^3o \ -ft'3oo), npoo6pa3 coctoht h3 Tpex skscm- 

nJiapOB SJieMCHTapHOrO CTpaTa rpaHHIi;bI Qdiag HJIH QanUdiag (cOOTBCTCTBeHHO 
Qdiag HJIH QanUdiag)- 

IlocTpoeHHe npocTpancTB RKi^, RKio, RKi, RKi ^jia paspemeHna 
oco6eHHOCTeH h nocTpoeHne S-jihcthmx HaKpbiTHii p3o : RKio 
K3io, pSo ■■ RKio KSio-, p3 : RKi K3i, p3 : RKi K3i. 

HocTpoeHHa anajiorHHHbi npeflbiflymHM. C(|)opMyj[HpyeM JiCMMy, anajiorHH- 

HyiO JICMMC I 



20M0- 



JleMMa 37. KoMno3U^UH (^'^ o 7c3i'^ : Rk['J — > k[1! — > K(H, 1 
monna omo6pacHceHuw ii^ h ° Cr,r^(^) '■ RKi] — ^ -^(la, 1) — > -^(H, 1). 

KoMno3U^UH ^^'^on3['^ : — > itJJ — > K{G, 1) soMomonna omo6- 
paMceHum ii^,G ° Cr^(=) : RK^^ — ^ K{la, 1) — > K{G, 1). 

/^OKasaTejibCTBO JTeMMbi [37] 

^OKasaTCJibCTBO anajiorHHHO ;i;oKa3aTejibCTBy JIgmmm [36] h BbiTCKacT h3 

JlCMMbl I 
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IlpocTpaHCTBa RKq , RKq paspemaiomHe oco6eHHOCTH BKjiMHeHbi 

fs) ^ (s) 

B ^narparpaMMy (1571); npocTpancTBa RK^ , RK^ paspemaKJiuHe 
oco6eHHOCTH BKjiiOHeHbi B ^HarpaMMy (1621) 

HpHCTynHM K nocTpoeHHK) OToSpajKeHHH B flHarpaMMax paapemaromnx oco- 

6eHH0CTH. 

OTo6pa:aceHHH 0g , 0o b ^narpaiviMe (1541) 

(s) 

Onpe;i;ejiHM OToSpajKenne 0q KaK CTpyKTypnbie OTo6pa>KeHHa. CipyKTyp- 
Hoe OTo5pa>KeHHe t] (s+i) : RKqI'^^^ — * K{Ic, 1) na npocTpaHCTBe-npooSpaae 
no JleMMe [36] roMOTonno OTo6pajKeHHio b noflnpocTpancTBO K{ld, 1) C 

Kila,l). 

OTo6pa>KeHHe ^o^^ npo^ojiJKaeTca OToSpajKenHH ^g'^'' : RK^f^ — > 
K{Ia, 1). J^Jin nocTpoeHHoro OTo6pa>KeHHfl BbinojineHbi rpanHHHbie ycjiOBHa 

(ED]), (Ell). 

IlocTpoeHHe OTo6pa>KeHHfl 4>o^ '■ RKq^ — > Kila, 1) coBepmenHO anajio- 

rHHHO. 

OTo6pa:aceHHH (t)i \ (p^'^ b flHarpaMMe (1591) 

3to nocTpoGHHe anajiorH^HO npe^bi^ymeiviy h onycKaeTca. 



J\ji5i onpe^ejieHHa OTo6pa>KeHHH <^o 4>o b ^narpaMMe (l57ll naivr noTpe6y- 
lOTCfl BcnoMoraTGJibHbie nocTpoenHa. 

IlocTpoeHHe BcnoMoraTejibHbix npocTpancTB Xq„, Xq, Yq^, Yq, Zq^, 

06o3HaHHM npocTpancTBO K^^ U Kq^^ (cooTBeTCTBeHHO Kq^ U Kq^^) nepea 
Fgt (coooTBeTCTBGHHO ^epe3 i^o)- 06o3HaHHM npocTpancTBO -R-ft'oo U R^ot^ 
(cooTBeTCTBGHHO RKq^ U -R-^o<^^) ^epe3 Xq^ (coooTBeTCTBGHHO Hepe3 Xq^). 

06o3Ha^HM npocTpancTBO RKq~^ U RK^^ U RKq^^ (cooTBeTCTBenHO 
RKq~^ U -R-R'oo U ^epe3 Zg^^ (coooTBeTCTBenHO Hepe3 Zq~^). 

OnpeflejieHbi ecTecTBeHHbie BKJiiOHeHHa 

jxs^ : Xo^„ C Zo^„-\ (102) 



■ ^Oo C Z, 



s-1 
Oo ) 
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(103) 



(104) 



jy.^ : y^f^ C Xo'„. (105) 
Onpe^ejieHbi ecTecTBeHHbie npoeKii;HH 

■■ ^oo ^ ^oo, (106) 



Onpe^ejieHbi npocTpancTBa Xq, Yq, b peayjibTaTe nonojineHHa npo- 
CTpancTB Xqq, l^^Q, ^oo^^, T.e. flo6aBJieHHa flHaronajibHbix h aHTH^HaroHajib- 
Hbix CTpaxoB. Onpe^ejieHLi ecTecTBennbie BKJiiOHeHHa ix^^ '■ C X^, 

iy^s^ '■ 5^oo C Fff. izj]^ '■ C Zq, npH stom onpe;T,ejieHa KOMMyTaTHBHaa 
flHarpaMMa, ropHSOHTajiBHbie CTpejiKH KOTopofi sBjiaiOTca ecTecTBenHbiMH 
BJiOiKeHHaMH: 

^oo ^ ^0 (108) 
iPx^^ ipxs (109) 

Yo% ^ Y^. (110) 

(111) 

Onpe,T,ejTeHO cipyKTypHbie OTo6pa>KeHHa Tyy^s^ : ^ K^D^,!), r]fs '■ 

Yq^ -^(E, 1), KOTopbie nojiynaeTca b pesyjibTaTe orpanHHeHna CTpyxTyp- 
Hbix OToSpajKeHHii rjxo , rj npn BKJiiOHeHHax jy^^ , jy^s . 

05o3Ha^HM KOMno3Hn,Hio o ^y(f^ nepea rj-^s : Xq^ A'(D4, 1), kom- 

no3Hn,Hio pj^s o riys nepea r^^^s : ~^ -^(E, 1). 3th OToSpaiKeHHa TaKiKe 
HaaoBeM CTpyKTypHbiMH. 

Onpe^ejieno npocTpancTBO X^^, KOTopoe nasbiBaeTca KanonHHecKHM 2- 
jiHCTHoe HaKpbiBaiomHM na^ X^^, cooTBeTCTByiomee 2-jiHCTHoe naKpbiTHe 
HH,T,yiiHpoBaHHO H3 HaKpbiTHa K (lb, 1) 7^^(04,1) OTo5pa>KeHHeM Tjx^^- 
06o3HaHHM 3T0 KaHOHHHecKoe 2-jiHCTHoe HaKpbiTHe nepea pjjs : Xq^ — * Xq^. 
AnajiornHHO onpe^ejiaeTca npocTpancTBO X^^ h 2-HaKpbiTHe p-o-s '■ X^^ — > 

Oo 
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JleMMa 38. B npednoAOCHcenuu s = —1 (mod 4) cyui^ecmeyem omo6paotce- 
Hue 4>xi^^ '■ — > K{la,l) ( coomeemcmeeHHO (f)j^s : X^^ —>■ 1) ), 

ydoeAemeopHmvuee CAedytoineMy ycAoeuw: 

— Omo6paMceHue : -^oo ~^ -^(la, 1) npodoAotcaemcn do omo6pa- 

MCCHUH : Zq~^ K{\a, 1) {omo6paMceHue : Zq~^ — > -ft'(Ia, 1) 

Oo 

npodoAMcaemcH do omo6paofceHUM (p^s^i : Zq~^ — > K(la, 1)), npuucM Bah 
npodoAMceHHOzo omo6paMceHUH eunoAHHwmcn spauuHHue ycAoeun: 

VrQ!, = 0x,fJi?Qg : RQo K{Ia, 1), 

VrQs = ^XsJrqs : RQo K(Ia, 1). 

/^OKasaTejibCTBO JleMMbi (1381) 

Ha^HGM c nocTpoGHHa OToSpajKeHHa ^x''^- OSoana^HM ^epea ^, (coot- 
BeTCTBGHHO Xj^ ^) noflnojiH3;i;pbi B Xqq, KOTopbie onpeflejiHM kbk oGteflKHe- 
HHe Bcex sjieMGHTapHbix CTpaTOB rjiySHHbi s, j^jisi KOTopbix npoH3BefleHHe 

BblHGTOB ril=l ^l,2;i BblflejieHHblX KOOpflHHaT {Xi,X2) H3 TpOHKH KOOpflHHaT 
(0:1,3:1,0^3) paBHO ±1 (cOOTBeTCTBGHHO ±i) H BCGX ajieMGHTapHblX CTpaTOB 

rjiySHHbi s + 1, KOTopbie JieacaT na rpaHHn,e yKaaanHbix Bbime sjieMeHTap- 
Hbix CTpaTOB rjiySHHbi s. 

HocTpoHM OToSpajKCHHa (pxf ^ '■ Xj^Q — > K(la,l), (pxf ^ '■ Xl^^ 
K(Ia,l). fl^ajiee npoBcpHM, ^to nocTpoennbie OToSpajKCHHH CKjiCHBaiOTCfl b 

Op,liO OToSpaJKCHHC (px^^ '■ Xq^ — * K(la, 1). 

HaHHCM c onpeflejieHHH roMOMop(|)H3Ma 4>xi '■ '^liX^^) la- HycTb 
I : C Xf^^ - npoH3BOJibHbiH KycoHHO-JiHHeHHbiH nyTb, TpaHCBcpcajibHO ne- 

peccKaiomHH no;i;npocTpaHCTBO oco5bix CTpaTOB PK^^^ C Xf^^ b kohchhom 
™cjie TOHCK, KOTopbie o5o3HaHHM Hepe3 {ti, . . . 

Ha BJieMCHTapHOM CTpaTC rjiySnnbi s nojina^pa Xf co^epjKameM toh- 
Ky pt = l{ptQ), pto G S^-OTMeHeHHaa TOHKa, Bbi6epeM CHCTCiviy koop;i;h- 
HaT {xi{pt), X2{pt), X3{pt)) (3aMeHy, mto nepBbie ^bc KOopflHHaTbi npoH3BOJib- 
HOH TOHKH Ha sjieMCHTapHOM CTpaTC npocTpaHCTBa -R-ft'oo'* Heynopa;i;oMeHbi). 

0603HaHHM nl=l^l,2;i = ■§(1,2), [ILl ^3,l;i = -5(1,3) [ILl ^2,3;i = "S(2,3). 

B ^acTHOCTH, nocKOJibKy pt G Xf^^, mojkho BbiSpaTb CHCTeMy KOop^HnaT 

{Xi{pt) , X2{pt) , X3{pt)) TaK, ^TO npOH3Be;i,eHHe BblMBTOB 

s(l,2) = -l. (112) 
HocKOJibKy cnpaBe;],JiHBO paBencTBO s(l, 2)s(2, 3)s(3, 1) = 1, to 

s(l,3) = s(2,3)-^ (113) 
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(EcjiH ;i;onojiHHTejibHO npe;i;nojio>KHTb, hto s(1,3) = 1, to s(2,3) = — 1.) 
YKaaaHHoe coraameHHe o npoHaBe^enHH BbineTOB o6jierHaeT nponepKy (no 
cpaBHeHHK) c ycjiOBHeM 2) = 1) rpannHHoro ycjiOBHH na flHaronajibHOH 

KOMnOHGHTe. 

PaCCMOTpHM npOH3BOJIbHyiO TO^KJ t G npo,T,o.rr>KHM eCTG- 

CTBeHHblM CnOCoSoM CHCTeMy K00p;i;HHaT {Xi{pt),X2{pt)) H3 TOHKH pt BflOJIb 

nyTH, T.e. coraacoBbiBaa peryjiapnbie KOop^HnaTbi b OKpecTHOCTH KajK^ofi h3 
TOHQK {ti, . . . ,tj} (no noBOfly eciecTBennoro npoflOJiJKenna cncTeMbi Koop- 
flnnaT cm. KOop,T,HHaTHoe nocTpoenne CTpyKTvpnoro OTo6paiKeHHfl ?]). 06o- 
3naHHM ^epe3 {xi{t — e) , X2(t — e)) , {xi{t + e) , X2(t + e)) cncTeivibi Koop^nnai, 
nojiynennbie npoflOJiJKenneM hcxo;i;hoh cncTeivibi KOop;i;HHaT b tohkh t — e, 
t + e cooTBeTCTBenno. 

Onpe^ejiHM nonaine npeo6pa30BanHa napajijiejibnoro Bbiflejiennon Tpe- 
Tbeii KOopflHHaTe e/iojib nyxn /. HycTb t G {ti, . . . ,tj}. 

06o3HaHHM Hepes ai{t), a2{t) - ;i,Ba MaKCHMajibnbix sjieMenTapnbix cipa- 
Ta, KOTopbie npHMbiKaiOT flpyr k ^pyry no sjieMenTapnoiviy CTpaxy (3{t) rjiy- 
6HHbi s + 1, coflep>Kani;eMy TOHKy l{t). Ha CTpaTe ai{t) BbiSpana cncTeivia 
KOopflnnaT {xi(t — e),X2{t — £),Xs(t — s)). Ha CTpaTe a2{t) Bbi6paHa cncTe- 
Ma KoopflnnaT {xi(t + e) , X2{t + e) , Xs(t — e)) . B roMOTonnHecKOM Kjiacce I 
Bbi6epeM nyTb, ^to npn Ka>KflOM t G {ti, . . . ,tj} Kaac^aa peryjiapnaa Koop- 
^nnaTa naSopa Xi-j, i ^ io hjih j jo, b OKpecTHOCTH t coxpanaeTca, T.e 
Xi-j{t — e) = Xij{t + e). Hpn stom KpnTHnecKaa KOop^nnaTa {xi^-jQ MenacTca 
yMHOiKenneM na 3JieMeHT h3 !„. HeTpy^no BH^eTb, hto jih6o o^na h3 Koop- 
flnnaT Xi-jg), X2;jo) MenaeTca yMHO^KenneM na — 1, jthSo KOop,T,HHaTa X2-jfj) 
MenaeTca yMHO^KenneM na oflnn h3 3JieMenT0B {— 1,+i, — i} h3 la. TaKoii 
nyTb na30BeM cianflapTnbiM. 

HoMHMO CHCTeMbi KOop^HHaT (xi (27r) , X2 (27r) , X3 (27r) ) , onpe^ejien- 
HOH B pe3yjibTaTe ecTecTBennoro npo^ojiJKenna cncTeMbi KOop^nnaT 
(xi(0), ^2(0), X3(0)) BflOJib /, onpe/tejTHM eme o/iny CHCieMy Koop^nnai, ko- 
Topyio o6o3nanHM Hepe3 (yi(27r), |/2(27r), y3(27r)). 3Ta cncTeivia KOop;],HnaT 
SyfleT na3biBaTbca npeo5pa30BannoH cncTeMoii Koopflnnai b^ojib CTan^ap- 
TH30BaHHoro I napajiJiejibHO TpeTben KOop^nnaTe. 

Pa306T>eM MHOJKeCTBO KpHTHHeCKHX TOHBK nyTH I Ha flBa nO^MHOJKeCTBa 

{ti, . . . ,tj} — U UV. OTneceM k no^MHOJKecTBy CZ-KpnTHHecKne tohkh, b 
KOTopbix nepnaa hjih BTopaa KOop,T,HHaTbi MenaiOTca na sjieMCHT ±1. OxHe- 

CeM K HOflMHOiKeCTBy ^-KpHTHHeCKHe TO^KH, B KOTOpblX TpGTba KOOpflHHaTa 

MenaeTca na 3JieMeHT h3 !„. 

06o3HaHHM KpHTHHecKHe TOHKH HOflMHOiKecTBa U Hepe3 U — 
{ti, . . . , Tfe}. Ha KaiK^OM h3 0Tpe3K0B [TjTj+i] HyTH I (bo3mo5kho, hto Hanajib- 
naa hjih Konennaa TOHKa TaKoro nyTH connafleT c OTMeHennoii) npoflOJiJKHM 
CHCTeMy KOopflnnaT cjie^yiomHM chocoSom. 
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^jia KajK;i;oro OTpesKa [riTj+i] onpe;i;ejiHM ^i(rj+i) = 6{l,l)xi{ri^i), 
SnaHeHHa ^(1, 1),^(2,2) e 1^ Bbi6paHbi TaK, hto BbinojineHbi paBencTBa: 



ro 
i=l 


ro 
i=l 


ro 
i=l 


ro 

= n^2,3; 

i=l 


ro 

n^3,l;i 
i=l 


ro 
i=l 



rfle Vi^2]i,V2^3-i,V3^i.i- BbineTbi nap cooTBeTCTByiomHx KOop^HnaT 

iyiiri),y2{ri),y2{Ti + 0)), Wl,2;i, W2,3;i, ^3,1;^- BblMBTbl nap COOTBeTCTBy- 

lontHx KOop.TOHaT (^i(Ti+i),^2(Ti+i)), (^3(Tj+i - 0), (^3(Ti+i - 0) nojiyHcna 
ecTecTBennbiM npoflOJiiKenneM {y^iTi + 0) B^ojib [TjTj+i] C /. 

HnbiMH cjiOBaMH, onpe;i;ejiHM cncTeiviy KOopflnnaT 

(yi(Ti+i),y2(n+i),y3{Ti+i - O)) Tax, hto TpeTba KOop;i;HHaTa 3toh ho- 
BOH CHCTCMbi onpeflcjiena eciecTBennbiM npo^ojiJKenneM, a nonapnbie 
npoH3Bezi,enHfl BbiHeiOB KOopflnnaT b npanoM Konn,e OTpesKa TaKne me kslK 

H B JieBOM. 

FeoMeTpHHecKH mojkho npe;i;cTaBJiaTb ce6e, hto cncTeivia KOopflnnaT 
(j/i(Ti+i), y2(7'i+i), y3(7'i+i ~ 0)) onpe^ejiena cjie^yron^HM cnoco6oM. Cnana- 
jia nepenocHM cncTeMy Koopflnnai {xi(Ti),X2{Ti),X3(Ti + 0)) BflOJib I, npnneM 
B Ka>KflbiH KpHTHHecKHii MOMGnT BpeMcnH o^nn H3 na6opoB KpnTHnecKHx ko- 
opflnnaT c noMepoM 1 hjih 2 nsMenaeTca. HycTb fljia onpeflejiennocTH na6op 
c HOMepoM 1. rioflnpaBHM Becb Ha6op KOop^nnaT c HOMepoM 1 Tax, HTo6bi 
B KpHTHHecKHH MOMBHT BpeMCHH noflHa6op peryjiapHbix KOop^nnaT c no- 
MepoM 1 H3MenaeTca na o6paTnbiH, a oco6aa Koopflnnaia c noMepoM 1 b 
KpHTHnecKoii tohkc ne naivienaeTca. 

B TOHKax U, r^e MenaeTca o^na KOop/innaTa h3 na6opa Tpeibnx Koop- 
flnnaT na 3JieMeHT x E la, onpe^ejinivi npeo6pa30BaHHe Ha6opoB nepsbix n 
BTopbix KOop^nnaT npn KOTopoM KaiK^aa peryjiapnaa TpeTba KOop^nnaTa 
npeo6pa3yeTca na sjiCMenT x E la- B pe3yjibTaTe nojiynnM npeo6pa30BaHHe 
TpeTbHx KOop;i,HHaT, npn KOTopoM npoH3BeflenHe BbineTOB no bcbm Koop- 
flnnaiaM b nanajibnoii n npeo6pa30BannoH cncTeMbi ne H3MenaeTca (sflecb 
Hcnojib3yeTca paBencTBO s — —1 (mod 4)). 

npeo6pa30BaHHe hcxo^hoh CHCTBMbi KOop^nnaT (xi(0), £2(0), X3(0)) b ch- 
CTeMy KOopflnnaT (yi(27r), y2(27r), 1/3(277)) onpe^ejiHM xax nocjieflOBaTejibnoe 
npeo6pa30BanHe b^ojib CHCTeMbi 0Tpe3K0B, onpe^ejiennbix no U. 3to npeo6- 
pa30BanHe npeflCTanjieno npaMon cyMMon flnyx npeo6pa30BanHH Ki^2 G lb, 
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^3 G Id no nepBbiM ;i;ByM h TpeTbeii KOopflHHaTe cooTBeTCTBeHHO. Ho nocTpo- 
eHHK) K3 coBna;i;aeT c ecTecTBeHHbiM npeoSpaaoBaHneM TpeTbeii KOopflHHaTbi. 

OnpeflejiHM SHaneHHe roMOMop(|)H3Ma 0xf ^ na roMOTonH^ecKOM Kjiacce 
nyTH [/] no d^opujjie = 0^16,1^(^1,2), r^e Ki,2 G : lb ^ 

Irf- npoeKii;H5i c a^poM a^b G I5. (Ecjih BMecTO ycjiOBHa (11121) HcnojibSOBaTb 
ycjiOBHe s(l,2) = 1, to npoeKn,Hio pi^j^ cjie^yeT aaivieHHTb na npoeKn,Hio 
Ph,id c HAPOM h.) 

JXoKdjKeM, HTO roMOMop4)H3M (jyx" ,* : vri(Xj — > Iq KoppeKTHO onpe^e- 
jien. 

IlycTb CHCTeivia KOop;i;HHaT (a;'j^(0), X2(0), 5:3(0)) nojiynaeTca h3 CHCTeivibi 
KOopflHHaT (5;i(0), £2(0), ^3(0)) npeoSpaaoBanneM na x G Ife. Tor^a cncTeivia 
KOop;],HHaT (^^(27r), y2(2vr), ^3(27?)), nojiynennaa b peayjibTaTe npoflOJi>KeHHfl 
(^'^(O), X2(0), ^3(0)) BflOJib / napajiJiejibHO TpeTbeii KOop^HnaTe TaKJKe nojiy- 
HaeTca h3 cncTeMbi KOopflnnaT (j/i(27r), y2(2vr), ^3(271)) npeoSpaaoBaHHeivi na 
X G Ife. 

IlycTb CTaHflapTH3aii;Ha nyTH / BbiSpana ;i;ByMa cnoco6aMH. Ilpn sjieMen- 
Tapnbix nepecTpoiiKax o^noii CTanflapTH3an,HH b ^pyryio 3nanenHe „ co- 
xpanaeTca. B nacTnocTH, nycTb sjieMenTapnaa nepecTponxa ^nyx CTan^ap- 
TH3an;HH nyTH / coctoht b cjie;i;yioni;eM. SjieivienTapnaa ocoGennocTb mho- 
jKecTBa U , B KOTopoii z-aa KpHTHnecKaa TpeTba KOopflnnaTa ivienaeTca na 
— 1 G Irf, 3aMeHaeTca na flbe sjieMenTapnbie ocoSennocTn MHOJKecTBa V , b 
o^noH H3 KOTopbix z-aa nepBaa, a b ^pyron i-aa BTopaa KOop^nnaTa aB- 
jiaiOTca KpnTHHecKHMH n nsMenaiOTca na sjieivienT —1 G 1^. B stom cjiyaae 
npeoSpasoBanne Ki 2 ne nsMenaeTca. KoppeKTHOCTb Sx" * flOKa3aHa. 
ripncTynHM k onpe;i;ejieHHio roMOMop4)H3Ma 0xf '■ ^1(^1^0) ^ la- 
Ha sjieMenTapnoM CTpaTe rjiySnnbi s nojins^pa ^1^0 5 co^epacameivi Toa- 
Ky pt = l{pto), pto G S'^-OTMeaennaa Toaxa, BbiSepeM cncTeiviy KOop^nnaT 
(a;i(0),X2(0),X3(0)). OSosnaanM HLi ^i,2;i = -5(1,2), HLi ^3,i;i = s(3, 1) 
111=1 ^2,3;i = s(2,3). ynopa;i;oaHM ^Be nepBbie KOop^nnaTbi n no;i;npaBHM 
KOopflnnaTbi yMHO^KenneM na ±1 TaK, hto npoH3Be;i;eHHa BbiaeTOB 

s(3,l) = l,s(3,2) = i, (114) 

Tor;i;a 

s(l,2) = +i, (115) 

nocKOJibKy s(3,2) = — s(2,3), s(l, 2)s(2, 3s(3, 1) = 1. (Mojkho Bocnojibso- 
BaTbca flpyrHM corjiamenneM o BbiSope BbiaeTOB, nanpniviep, nocjie yMHO»ce- 
nna naSopa BTopbix KOop^nnaT na i, BTopoe ypaBnenne h3 flll4p nepen^eT 
B ypaBnenne s(3, 2) = 1.) 
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riycTb / : 5*^ C -^i^o ^ npoH3BOJibHbiH KycoHHO-JiHHeiiHbiH nyTb, Tpanc- 
BepcajibHO nepecGKaiomHH noflnpocTpancTBO oco6bix CTpaTOB PK^f^ C 

Xf^o B KOHGHHOM ^HCJIG KpHTH^GCKHX TOHeK, KOTOpbie o6o3HaHHM ^epe3 

{ti,...,tj}. BbiSepeM nyTb / CTaH^apTHaoBanHbiM. PaaoSijeM MHOJKecTBO 
KpHTHHecKHx TOHCK Ha flBa noflMHOJKecTBa {ti, . . . ,tj} = U UV. OTHeceM K 

nOflMHOJKeCTBy f/-KpHTHHeCKHe TOHKH, B KOTOpblX 0;i;Ha TpeTba KOOpflHHaTa 

113 HaSopa TpeTbHx KOop^HHaT MGHaeTca na sjieivieHT h3 Iq. OTHeceM k no^i;- 
MHO>KecTBy K-KpHTHHecKHe TOHKH, B KOTopbix oflHa Koop^HHaTa H3 HaSopa 

nepBOH HJIH BTOpOH KOOpflHHaT MeHSeTCa Ha 3JieMeHT —1 G 1(1- 

05o3HaHHM KpHTHHecKHe TOHKH MHOJKecTBa U Hepe3 U = {ri,...,rfc}. 

Ha KajKflOM H3 0Tpe3K0B [TiTj] HyTH / (b03M0JKH0, HTO Ha^ajIbHaa HJIH KO- 

Hennaa TOHKa BToro nyTH C0BHa;i;eT c OTMeneHHOH) hpo;i;oji>khm CHCTeiviy ko- 
op^HHaT napajiJiejibHO TpeTbeii Koop^HnaTe. B KajK^oii KpHTHnecKOH TOHKe 
MHOiKecTBa V npeo6pa3yeM naSopbi nepBbix h BTopbix KOop^HnaT CHCTeMbi, 
HTo6bi HpoH3Be;i;eHHe BbineTOB naSopa TpeTbHx KOopflnnaT B;i;ojib nyTH ne 

H3MeHHJI0Cb. 

B pe3yjibTaTe nojiyHHM npeo6pa30BaHHe hcxo;i;hoh CHCTeivibi KOop;i;HHaT, 
KOTopoe o6o3HanHM nepe3 K. Hpn stom K = Ki 2 © ^3, ^1,2 G Eq, K3 G 1^. 
npeo6pa30BaHHe K3 coBna^aeT c ecTecTBennbiM. 

OnpeflejiHM roMOMop(|)H3M 0x= : ^i(^iao) ~^ no 4)opMyjie 
'^^f,o.*(W) = PEa,ia{'^i,2), rpfi pEaja i ^ Ifl " ^poeK^Ha c a^tpoM a. (Ha- 
noMHK), HTO Ea aBjiaeTca KBa^paTH^HbiM pacmnpeHHeM no^rpynnbi Iq, 3Ta 
rpynna H30Mop4)Ha rpynne Z/4©Z/2. 3jieMeHT pacmnpaeTca sjieivieHTOM 
c HeTBepToro nopaflKa, = a^. 3jieMeHT c fleflcTByeT yMHOJKeHneM na i na 
KajKflyio KOopflHHaTy.) (Ecjih BiviecTO paBencTBa ( 11151) Hcnojib30BaTb paben- 
CTBO s(l, 2) = 1, TO Ki^2 G Efc H npoeKn,Hio pEa.ia • E^ — Iq cjie^yeT 3aMeHHTb 
na npoeKn,Hio Pe^^i^ : E^ — Iq c njipou b.) 

/l^OKajKeM, HTO roMOMop(J)H3M 0xf „,* • ^i(^i„o) ~^ '^a KoppeKTHO onpe- 
flejien. CHCTeMa Koop^HnaT (a;i(0), 0:2(0), X3(0)) BbiGnpaeTca HeoflH03HaHHO, 
B nacTHOCTH, KOop;i;HHaTa x'i(O) onpe;i;ejieHa c tohhoctb ;i;o npeo6pa30BaHHa 
— 1 G Id- HycTb Xi'{0) ;i;pyraa KOop;i;HHaTa TaKaa, hto x'i'(O) = — x'i(O). 
HycTb KOop;i;HHaTa x[{27r) nojiyHena h3 Xi(0) b pe3yjibTaTe ecTecTbenHoro 
npeo6pa30BaHHa b^ojib /. HycTb KOop;],HHaTa £2(271") nojiynena h3 ^2(0) b pe- 
3yjibTaTe ecTecTBenHoro npeo5pa30BaHHa b^ojib /.Tor^a, oneBH^no, x'i{27t) = 
—x[{2tt). CjieflOBaTejibHO, npeoSpasoBanne K G la ne 3aBHCHT ot BbiSopa 
nepbOHanajibHOH CHCTeivibi KOop^HHaT. 

Ilpn H3MeHeHHH CTaHflapTH3aii;HH nyTH /, npeo5pa30banne Ki 2 ne Mena- 
eTca. roMOMop(J)H3M (f)x^ * : T^iiXj o) la KoppeKTno onpe^ejien. 

la ' ^^^^ ^ 

HocKOJibKy no JleMMe fl36l) CTpyKTypnoe OToGpajKenne 77x1 na no^npo- 
CTpancTbe X^^^nX^^^ C X^ roMOTonno OToGpajKennio b -R'(Id, 1) C ^^(04, 1). 
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KJiaccH4)Hii;Hpyioiii;He OToGpaaceHHa (pxf ^, 4>xf „,* corjiacoBaHbi na X^^^DX^^ 
H onpe^ejiaiOT OTo6paa<:eHHe (f)x^^ '■ Xq^ K{Ia,l). OTo6pajKeHHe (pj^s : 

— > 1) onpe^ejiaeTca anajiorH^HbiM cnoco6oM. 

^f)Ka^meM ycjiOBne. HpoBepHM, ^to OTo6pa>KeHHe '■ Xq^ — > K{Ia, 1) 
npoflOJiJKaeTCH OToSpajKenHa ^^s-i : ^ -^(la? !)• CnaHajia aaivieTHM, 
HTO OTo6pajKeHHe : -^oo ^ -^(la? 1) npoflOJiJKaeTca ;i;o OTo6pajKeHHa 
(px^ '■ ^0 K{la,l). ^OKajKeM, HTO OTo6pa>KeHHe : X^ — >• K{la,l) 
npoflOJiJKaeTca ;i;o OToSpajKenna npocTpancTBa Zq~^, T.e. npoBepHM, hto cy- 
mecTByeT npoflOJiaceHHe na KajK^biii sjieMeHTapHbiH CTpaT rjiySnnbi s — 1. 

(s—l) 

riycTb a C PKq^ -ajieivieHTapHbiH CTpaT rjiySnnbi s — 1, npH^eM sjie- 
MGHTapHbie CTpaTbi rjiySHHbi s h s + 1, JieacamHe na ero rpaHHn,e, otojk- 
flecTBJieHbi c cooTBeTCTByioinHM no;i;npocTpaHCTBOM b Xq^. ^Jia nponsBOJib- 
Horo saMKHyToro nyTH /, jiejKamero na sjieivieHTapHbix CTpaiax rjiySnnbi s 
H s + 1 na rpaHHn,e a onpe^ejieHO ecTecTBGHHoe npeoGpaaoBanHe CHCTeMbi 
KOopflHHaT BflOJib / H sjieMGHT ?7o,*([^]), BocnojibsyeMca JIgmmoh [36l corjiac- 
HO KOTopoii '7o,*([^]) £ Id- KpoMe Toro, b^ojib I onpe^ejieno npeoSpaaoBanHe 
K H, OHeBH;i;HO, N = ?7o,*([^])- HoBTOMy OTo6pa>KeHHe 4>xi^^ npoflOJiJKaeTca 
pp OTo6pa>KeHHa (h npHTOM e^HHCTBenHbiM cnocoSoivi). HocTpoeHHe 

OTo5pa>KeHHH 02^-1 : Zq~^ -^(la, 1) anajiornHHO. 

HpoBepHM, HTO BbinojinaeTca rpanH^Hoe ycjiOBHe tjpqs = (px^lpQ" '■ 

PQq — * K{Ia, 1). 3tO paBGHCTBO flOCTaTO^HO npOBCpHTb fljia ^HaroHajibHoii 

H aHTHflHaroHajibHOH KOMnoneHTbi rpaHHii;bi npocTpancTBa Xq. HpoBepHM 
3T0 fljia ;i;HaroHajibHOH KOMnoneHTbi, KOTopaa co;i;epjKHTca b no;i;npocTpaH- 
CTBe Xqj^. ^Jia aHTH;i;HaroHajibHOH KOMnoneHTbi, KOTopaa co^epjKHTca b 
no^npocTpancTBe Xq npoBepxa anajiornHHa. 

PaccMOTpHM saMKHyTbiii nyTb / na KOMnoneHTe PQ%ag- nycTb K - npe- 
oSpaaoBanne CHCTeivibi KOop;i;HHaT B;i;ojib /. B cjiynae ^(3, 1) = 1, npe- 
oSpaaoBanne KOopflnnaT K b^ojib I coBna;i;aeT c ecTecTBenHbiM npeoSpa- 
30BaHHeM KOop;i;HHaTbi X3 B;i;ojib I, t.k. b 3T0M cjiynae cncTeivia koop;i;h- 
HaT (j/i(27r), ^2(27r)) coBna;i,aeT c CHCTeMofl Koop;i,HHaT (xi(27r), i;2(27r)). B 
3T0M cjiy^ae K = ?7o,*([^]) G Id- Ecjih 9{3,1) = —1, to CHCTeMa Koop^n- 
HaT (yi(27r), y2(27r)) OTJinnaeTca ot CHCTeivibi KOopflnnaT (xi(27r), X2(2vr)), a 
Ha oSpaayiomylo —1 G 1^, ho npn stom K CHOBa coBna;i;aeT c ecTecTBen- 
HbiM npeoSpaaoBaHHeM CHCTeMbi KOop;i;HHaT. B btom cjiynae CHona HMeeivi 
K = r/o,*([/]) Gid. 

rpaHHHHbie ycjiOBHH TjpQs = (pxslpQB '■ PQq -f^(Ia; 1) npoBepaiOTca 
anajiorHHHO. 

JleMMa fl38l) ;i;oKa3aHa. 

OcTanoBHMca Jinnib na (J)opMyjiHpoBKe cjieflyromeii jieiviMbi fl39p , KOTopaa 
anajiorH^na JIgmmg (l38ll . 3Ta jieMMa 5yfleT HcnojibsoBana ^Jia nocTpoenHa 
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OTo6pa>KeHHH 01, 01 B ;i;HarpaMMe fl62|) . 

IlocTpoeHHe BcnoMoraTejibHbix npocTpancTB X^^, X^, Y^^, Y^, Z^^, 

3to nocTpoGHHe nojiHOCTbK) anajiornHHO h onycKaeTca. 

Onpe^ejieHO CTpyKTypHbie OTo6pa>KeHH5i C,y{^ '■ ~^ -^(H, 1), Cy" • 
K{G, 1), KOTopbie nojiynaeTca b peayjibTaTe orpaHH^eHHa CTpyKTyp- 

HblX OToSpajKeHHH Cxi, npn BKJIIOHeHHaX jys^, jys . 

OSoana^M KOMno3Hn,Hio pxi^ ° Cy^^ ^epea (j^s : Xf^ iC(H, 1), kom- 

no3Hii;Hio pj^s o (ys nepea (j^s : Xf^ — i^(G, 1). 3th OTo5pajKeHHa TaKJKe 
HaaoBeM CTpyKTypHbiMH. 

Onpe^ejieHO npocTpancTBO X^^, KOTopoe nasbiBaeTca KaHOHHHecKHM 2- 
jiHCTHoe HaKpbiBaiomHM Ha^ -^lo) cooTBeTCTByiomee 2-jiHCTHoe naKpbiTHe 
HHflyn,HpoBaHHO h3 HaKpbiTHa K{lb,l) — > K(D^,1) OTo6pa>KeHHeM Cxf^- 
06o3HaHHM 3T0 KaHOHHHecKoe 2-jiHCTHoe HaKpbiTHe nepea pxs : Xf^ — > Xf^. 

AnajiorH^HO onpe^ejiaeTCfl npocTpancTBO Xf^ h 2-HaKpbiTHe : X^^ 

lo 

JleMMa 39. B npednoAoafcenuu s = 1 (mod 2) cymecmeyem omo6paotce- 
Hue (pxi^ '■ Xl^ fC(Qa, 1) ( coomeemcmeeHHO (pj^s : Xf^ — > /^(Qa, 1) ), 
ydoeAemeopMioinee cjiedyiovneMy ycjioeuto: 

— Omo6paMceHue 4>xf^ '■ K{Q,a, 1) npodoAOfcaemcsi do omo6pa- 

MceHUH (pzi-^ '■ ~^ K{Qa, 1) {omo6paMceHue 4>zi-^ '■ ^lo^ ~^ -^(Qa, 1) 
npodoAMcaemcH do omo6paMceHUfi 0^s-i : Zl^^ — > A'(Qa, 1)), npuHCM Sah 
npodoAMceuHozo omo6paafceHUM eunoAHHtomcH spanuHHue ycAoeun: 

CrQ\ = 0XfJflQJ : RQl K{Cla, 1), 

/XoKasBTejibCTBO JleMMbi (1391) 

/JoKaaaTejibCTBO anajiorH^HO ^OKaaaTejibCTBy JleMMbi (1381) h onycKaeTca. 
OTo6pa:aceHHH 0o, 0o b ^narpaMMe (I57p 

HocTpoHM OTo6pa>KeHHe 0o B ;i;HarpaMMe fl57|) . B npocTpancTBe RKqo onpe- 
flejiHM no;i;npocTpaHCTBO RKq^ C RKqo- A-^isi SToro paccMOTpHM cjie^yio- 
myio napy nojiHS^poB (BepxHaa ^HarpaMMa) b BKjiojKenHe b STy ^pyroH 
napbi nojiHB^poB (HH>KHfla ^narpaMMa): 
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RK^ C RKl> (116) 

^0 C (117) 

HpocTpaHCTBO i?i^'Q^' onpe;],ejieHO krk oSpaa npocTpancTBa Zq h3 fijia- 
rpaMMbi flllTp npH BKjiiOHeHHH. HaM noTpeSyeTca cjie^yiomafl jieMMa. 

JleMMa 40. UpouseoAhHoe PL-omo6pacHceHue deyMemozo ducna f : 

RKq eumecHnemcn e omo6pacHceHue f : RKq C RK^ c o6pa30M e 

[21 

nodnpocmpaHcmee RKq C RKq e pesyAtmame CKOAb yzodno MaAou PL- 
decfjopMav^uu f ^ f . 

/^OKaaaTejibCTBO JTeMMbi 1401 

HpocTpaHCTBO RKq CHa5>KeH0 ecTecTBeHHbiM OTo6pa>KeHHeM b npocTpan- 
CTBO 6^° X / npaMoro npoH3Be;i;eHHe rg-MepHoro CHMnjieKca na OTpeaoK, npn- 
HGM CTaH;i;apTHaa TpHaHryjiaii;Ha npocTpancTBa-oSpaaa, aa^iaiomaa CTpaTH- 
(|)HKaii;Hio npocTpancTBa-oSpaaa no KopasMepHOCTH octobob TpHaHryjiaii;HH 
corjiacoBana npn btom OTo6pa>KeHHH co CTpaTH(|)HKan,HeH npocTpancTBa- 
npooSpaaa. no;i,npocTpaHCTBO RKq C RKq co;i,ep>KHT Bce CTpaTbi npo- 
CTpancTBa RKq rjiyGnnbi 0,1,2. OTo6pa>KeHHe f : ^ RKq mo>kho nepe- 
BecTH CKOJib yroflHO Majiofl fle4)opMaii;HeH b OTo6pajKeHHe /' : RK^^ 
TaK, HTO npoeKuna oGpaaa OTo6pa>KeHHa /' b npocTpancTBO 6^° x / Tpanc- 
BepcajibHO K CHMnjieKcaM pa35HeHHH h, b ^acTHOCTH, ne coflepjKHT ocTOBa 
KopasMepnocTH 3. JleMMa [40] joKaaaHa. 



[2] 

OnpeflejiHM na noflnpocTpancTBe RKq C RKq OTo6pa>KeHHe 

^if(I„,l). (118) 



Ha noflnpocTpancTBe Xq C RK^^ OTo6pa>KeHHe onpe^ejiHM KaK 



Xq K{la, 1), nocTpoeHHoe b JIgmmg fl38l) npn s = 1. Ho stoh jkg jigmmg 
OToSpaaceHHe npoflOJiJKaeTca flo OTo5pa>KeHHa : Zq K{Ia,l). Tgm 
caMbiM, OTo5pa>KeHHe (11181) onpe^ejieHO. 

Ho JleMMe So] OTo6pa>KeHHe (11181) npo;],oji>KaeTCH ;i,o OTo5pa>KeHHfl 0o : 
RKq — ^ K(Ia, 1). Ho JleMMe (l38l) OToSpajKeHne (I118P y;i;oBJieTBopaeT c4)op- 
MyjinpoBaHHbiM rpanHHHbiM ycjiOBHaM. Cjie^OBaTejibHO, OTo6pa»ceHHe 0o • 
RKq K{Ia, 1) yflOBJieTBopaeT rpaHHHHbiM ycjiOBnaM, Koopbie cjie;i;yT h3 
;],HarpaMM (|55ll . (l56ll . HocTpoeHHe OTo6pa>KeHHa 00 : RKq K(la,l) noji- 
HOCTbK) anajiorH^HO. 
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OTo6pa:aceHHa 0i, 0i b ^HarpaMMe (1621) 

3to nocTpoGHHe anajiorH^HO npeflbi;],ymeMy h onycKaeTca. 



/^OKaaaTejibCTBO JleMMbi 1301 

PaccMOTpHM OTo6pajKeHHe p : S"^'^ /\ ^ Jq h o6o3HaHHM nepea Cp ii;hjihh;i;p 
SToro OTo6pa>KeHH5i. Onpe^ejienbi OTo6pa>KeHHa npoeKn,HH pj : Cp ^ [0, 1], 
pj : Cp ^ Jq VL flGKapTOBO npoHSBe^eHHe sthx OToSpajKenHii, KOTopoe o6o- 
3HaHHM Mepea F : Cp Jq x [0, 1]. 

AHajiorHHHO paccMOTpHM OToSpajKenne p : MP"^'^ —>■ Jq n o6o3HaHHM ne- 
pe3 Cp n,HjiHHflp BToro OTo6pa>KeHHa. Onpe^ejienbi OTo5pa>KeHHH npoeKn,HH 
Pi : Cp ^ [0, 1], pj : Cp — i> Jo H ^eKapTOBO npoHSBe^eHHe sthx OTo6pa>KeHHH, 
KOTopoe o5o3HaHHM nepea F : Cp ^ Jq x [0, 1]. 

OnpeflejieHO OToSpajKeHne r : Cp Cp, npH^eivi cjie;i;yioiii;He ^HarpaMMbi 

KOMMyTaTHBHbl : 



Cp > Cp 



Pi\ /VI (119) 



Cp > Cp 
pj\ /PJ (120) 

Jo. 

PaccMOTpHM BJiojKeHHe Jj : Jo X [0, 1] C M" x [0, 1] h onpe;i;ejiHM oto6- 
pajKCHHa Ij o F : Cp ^ W X [0, 1], Ij o F : Cp ^ W x [0, 1]. HnjKe 
onpeflejiHM OTo6pa>KeHHe / : Cp ^ x [0,1], KOTopoe nojiyneHO b pe- 
syjibTaTC C^-Majioro BoaMymeHHa oSmero nojiojKeHHa OToSpajKCHHa Ij o F. 
TaKoe B03Myiii;eHHe Sy^CM HHJKe HasbiBaTb fle(|)opMaii;HeH roMOTonnn Ij o F 
B roMOTonHK) /. HpH 3T0M roMOTonHK) / BbiSepcM coBna^aiomeH na hhjkhcm 
ocHOBaHHH n,HjiHHflpa Jo G Cp c BjiojKeHHeM Ij : Jq C MJ^ X {0}. KpoMC Toro, 
noTpeSycM, ^toSbi KOMno3Hn,Hfl Pio,i] o / : Cp ^ [0, 1] coBna^ajia c pj, r^e 
P[o,i] : M" X [0, 1] [0, 1] - npoeKn,Hfl na BTopofi coMHOJKHTejib. Onpe;],ejieHO 
TaKJKC OToSpajKCHHe / : Cp — ^ X [0, 1] KaK KOMno3Hn,Ha f = for. 

06o3HaHHM Hepe3 Q d Cp - KaHOHH^ecKoe HaKpbiBaioinee na^i; nojins^i;- 
poM TOHCK caMonepeceHCHHa roMOTonHH /, onpe^ejienHoe KaK 3aMbiKaHHe 
no (jDopMyjie 

Q = Cl{x eCp:3yeCp,xj^ yj{x) = f{y)}. 
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Onpe;i;ejieHa hhbojiioii;h5i Tq : Q ^ Q, nepecTaBJiaioinaa npooSpasbi tohck 
caMonepeceneHHa. Hhbojuoi^hji Tq coxpanaeT SHaneHHa OTo6pajKeHHa pj. 
OaKTopnpocTpaHCTBO nojinsflpa Q npn 3toh hhbojiii;hh o6o3HaHHM nepea Q. 

PaCCMOTpHM CTpaTH(J)HKan,HIO 

J^ C---C Jo'c Jo'c Jo° (121) 

npocTpancTBa f^Komna. Jq = Jo- CTpaTH4)HKan,Ha p21h onpe^ejiaeT CTpaTH- 
(J)HKan,Hio n,HjiHHflpa no (^opuyjie 

C; = Pj\4) (122) 
H CTpaTH4)HKan,Hio MHoroo5pa3Hfl S'"~'^/i no 4)opMyjie 

{s--'/iy = p-\Ji,) (123) 

Onpeflejiena CTpaTH4)HKan,H5i 

g^' c ■ ■ ■ c c g° (i24) 

nojiH3;i;pa g° = no (|)opMyjie g* = (0 ("I p) ("I Tq{Q fl (7*). OaKTop CTpain- 
4)HKan,HH 11241 npn HnBOJiion,HH Tq onpe^ejiaeT CTpaTH4)HKan,Hio 

g^' c ■ ■ ■ c g^ c g° (125) 

nojiH3;i;pa Q. OGoanannM nepea QJ^ nepeceHenne g* H Jq- Hpn ycjiOBnn, hto 
OToSpajKenne / o5n],ero nojioJKenna, CTpaTH(|)Hn,HpoBannbiH nojins^p QJq 
naxo^HTCfl B o6n],eM nojioJKennn co CTpaTaMH p2ip nojins^pa Jo 

Hpn npoH3BOJibHOM t G (0, +6] orpannHenne OToSpajKenna f : Cp 
M" X [0, 1] na ^""'^/i x {t} oSoanannM ^epea d = d{t) : S^-^/i M". Oto6- 
pajKenne d ;i;ByjiHCTHO naKpbiBaeT OToSpajKenne d. PaccMOTpnivi MHorooSpa- 
3He Nko c KpaeM tohgk caMonepeceMenna OToSpajKenna d. MnorooSpaane 
Nko onpe;i;ejiaeTca no 4)opMyjie N^o = g H M" x {t}. 3to MHorooSpaane 
cnaSjKeno ecTecTBennon CTpaTH4)HKan,HeH 

iV],„C---CiV°„, (126) 



W^S=^k\^S'' (127) 

KOTopaa onpe;i;ejiaeTca KaK noflCTpaTH(J)HKan;Ha CTpaTH4)HKan;HH (11251) . 
Onpe^ejieno ^nyjincTnoe naKpbiTne Nkq — > Nk^ h CTpaTH(J)HKan,Ha f l65ll ^ny- 
jiHCTnoro naKpbinaiomero. 
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EcTecTBGHHO BbiCKasaTb cjie^iyioinyiorHnoTeay: npHMenaa Teopeiviy PL- 
TpancBepcajibHOCTH mojkho noKaaaTb, hto npoHSBOJibHbiH 2-flHCK b nojinsflpe 
N^^ CHHMaeTCfl c noflnojins^pa Nf^^ C A'^^^ CKOJib yro^HO MajibiM mebejie- 
HHeM, noBTOMy 4)yHflaMeHTajibHbie rpynnbi npocTpancTB N^^ h N^^ \ N'^^^ 
coBnaflaiOT (cp. c JIgmmoh HOl) . 

Tenepb onpe;i;ejiHM roMOTonnio / 0. PaccMOTpHM HopiviajibHoe paccjio- 
enne uj^ : E{i') — > Jq BjiojKeHHa i : Jq C M". Bjio>KeHHe ij^ onpe^e- 
jieno KaK CTan^apTHoe BjiojKeHHe n — fc-MepHoii C(J)epbi b gbrjih^obo npo- 
CTpaHCTBO MJ^ c KopasMepHOCTbK) k. PaccjioeHHe i/jq sBJiaeTca TpHBHajibHbiM 
/c-MepHbiM paccjioeHHeM, npH^eivi no ycjiOBHio jieiviMbi k > 8. IlpeflCTaBHM 
paccjioeHHe i/j^ b BH^e cyMMbi Yhthh TpHBnajibHoro 4-MepHoro paccjioeHna 
El : E{ei) — s> Jo, TpHBHajibHoro 2-MepHoro paccjioenHH 62 '■ E{e2) Jo 
H flonojiHHTejibHoro TpHBHajibHoro paccjioeHHfl £3 : -£^(£3) Jq HeoTpHn,a- 
TejibHOH pasMepHOCTH pasMepHOCTH k — 6. 

nepeo6o3HaHHM OToSpajKeHne (Jj o F) nepea /_2. BbiSepeM nocjieflOBa- 
TejibHOCTb SecKOHeHHO-Majibix hhcgji 60, ... , 6r+i (yKaaaHHyio nocjie^o- 
BaTejibHOCTb MO>KHO npe^CTaBjiaTb KaK y6biBaiomyio nocjie^OBaTejiBHOCTb 
nojio>KHTejibHbix ^Hceji, KajK^oe nocjie^yiomee ^hcjio Bbi6HpaeTca nacTOJib- 
KO MajibiM, ^TO yKaaaHHbie b nocTpoenHH CBoiicTBa annpoKCHMnpyiomeH ro- 
MOTonHH, ^ocTHrnyTbie na npe;i;bi;i;yiii;eM mare, coxpanaiOTca) TaKyio, hto 
= o{di) H nocTpoHM nocjie;i;oBaTejibHOCTb C^-;i;e(J)opMaii;HH 

L2 ^ /-I ^ /o ^ . . . ^ /r ^ / (128) 

no HHflyKn;HH, aa^abaa C^-KajinSp fle4)opMan;HH na CTpaTe Cp^ SecKoneHno- 
MajibiM HHCJiOM nocjie^naa roMOTonna / b STOii nocjieflOBaTejibnocTH 
Gy^eT PL-OTo6pa>KeHHeM o6n],ero nojio>KeHHa. Hpn ^ocTaTO^no MajiOM t, 
< t < 6r+i, roMOTonna / onpe^ejiaeT OToSpajKenne d. 

Ha npe^BopHTejibHOM mare fle4)opMan,Ha /_2 ^ /-i CTpoHTca BepTH- 
KajibHOH BflOJib no;i;paccjioeHHa ei b nopiviajibHOM paccjioennn uj^. KajinGp 
paccMaTpHBaeMOH fle4)opMan;HH paBen ^e4)opMan;Ha /_2 ^ f-i CTpoHT- 
ca TaKOH, HTO npooSpaa Pjlict^^^) KajK;i;oro ajieMenTapnoro CTpaTa a*^^-* C Jq 
rjiySnnbi s caMonepeceKaeTca b TOTajibnoM npocTpancTBe E{ei)^{3) paccjioe- 
HHa El na;], a^^^ b o6m,eM nojio>KeHHH (KaK norpy^Kenna o6m,ero nojio>KeHHa 
saMKHyToro PL-MHorooSpaana) . 

Ha nyjieBOM mare fle(|)opMan;Ha /_i ^— /o CTpoHTca BepTHKajibnoii B;i;ojib 
cjioeB paccjioenna £2, nenoflBHJKHOH na CTpaie C^p \ KajiH5p paccMaTpnBa- 
eMOH fle(|)opMan,HH paBen 6q. /Ie(|)opMan,Ha /_i 1— /o CTpoHTca TaKon, hto 
orpanHHenne OToSpajKenna /o na npooSpaa sjieMenTapnoro CTpaTa a^^'^ rjiy- 

^ KoHCTpyKLi,Ha 6bijia nojiyHena na ceMHHape C.A.BoraToro 
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Ghhm SBJiaeTca norpyjKeHneM OTKpbiToro MHorooGpaana, MHOxcecTBO to- 
HGK caMonepeceneHHa KOToporo coBnaflaeT c MHOJKecTBOM tohck TpoHHoro 
caMonepece^eHHfl norpyaceHHa orpaHH^eHHoro na a^'^-* h ne coflep>KHT 
TOHCK flBOHHoro caMonepece^eHHfl. 

MtoSbi onpe^ejiHTb fle4)opMan,Hio /_i i— /o c yKaaanHbiMH CBoiicTBa- 
MH ^loCTaTOHHO BOcnojibsoBaTbca JleMMOH [32l corjiacHO KOTopoii, CTpyKTyp- 
Haa rpynna naKpbiTHa na^i; MHorooSpaaneM ;i;BOHHbix tohck caMonepecene- 
HHa Ha KajK^OM sjieMeHTapHOM CTpaie pe^yitHpyeTca k n,ejio^HCJieHHOH. 3to 
oana^aeT, ^to ocoSenHOCTb ^BoiiHbix to^gk caMonepeceneHHa bhc MO>KecTBa 
TpoHHbix TOHCK caMonepece^eHHfl pacnpoeKTHpyeTca bo BjiojKeHHe b Kopaa- 
MepHOCTH 2 B;i;ojib cjioeB paccjioenna £2- 

Ha mare c noiviepoM i fle4)opMaii;Ha 1-^ CTpoHTca cnaMajia c hoch- 
TGJieM na Cp \ Hpe^BapHTejibHaa ^e(J)opMan,Ha, KOTopyio oSoananHM ^epea 
fl, aBjiaeTca HenoflBH>KHOH na Cp~^^\ /Jajiee nocTpoennaa tomoto- 
nna fl npo;i;oji>KaeTca ;i;o roMOTonnn fi na bcgm Cp TaK, hto ona C0Bna;i;aeT c 
y>Ke nocTpoGHbiM panee OTo5pa>KeHHeM bhg Majioii peryjiapnoii OKpecT- 
HOCTH (KOHGHHoro pa^^Hyca) Cp^ H npoflOJiJKaeT OTo5pa>KeHHe b STy 
OKpecTHOCTb na Bce npocTpancTBO Cp no o5iii;eMy nojioiKenHio c KOHCTanTOH 
C^-annpoKCHMan,HH 5j. 

HocTpoeHHe fle4)opMan,HH ^ fl, i > 1, ocymecTBjiaeTca cjieflyiomnM 
oSpaaoM. PaccMOTpHM nponaBOJibHbiH BJieivieHTapHbiH CTpaT a^^^ rjiySnHbi i 
na Jq^ \ Jq~^^^ h paccMOTpHM peryjiapnyio OKpecTHOCTb U^(i) CTpaia a^*-* b 
oSteflHHeHHH CTpaTOB Jq \ Jq'' rjiySHHbi i — 1, npHMbiKaiomeivi k CTpa- 
Ty OKpecTHOCTb U^(i) npeflCTaBJiena KaK o6T.eflHHeHHe OKpecTHOCTefi 
Ugi-i (i) no OKpecTnocTaM CTpaxa a^*^ bo BCCBoaMoacnbix npnivibiKaiontHx 

CTpaiax rjiyGnnbi i — 1. KajK;i;biH CTpaT U^(i-i) ^(,) npe;i;cTaBJiaeT co- 

60H npaMoe nponaBe^^enne a*^*^ x D'^. EpooSpaa p~^{U (i-i) (^j) OKpecTnocTn 

f/ (.-1) (,) npn OTo6pa>KeHHH p : (S'^-Vi)^*"^^ \ (5"-Vi)(*) ^ J^*"^^ \ 

oSoanaMHM nepea Hj ,a- OGT-eflnnenne „ no bccm bj oSoanannM nepea V^. 
3to oS^beflnnenne anjiacTca npooSpaaoM [/^{i) npn OTo5pa>KenHH p. 

HpooSpaa Vb^^a npe^^CTanjiaex coSoii npaMoe nponaBe^^enne 4^~*~^- 
jiHCTHoro HaKpbiBaioni;ero a na^i; a*^*^ na OTKpbiTbin 2-flHCK D^. CnoBa boc- 
nojibaycMca KOop^nnainbiM onncanneivi OTo5pa>KenHa p, oxKy^a BbiTCKaeT, 
nxo orpannnennoe p na Vbj^a, anjiaexca npaMbiM nponaBe^enneM cxan^apTno- 
ro paaBCTBjiennoro 4-jincTnoro na^ n napaivieTpnayiomero OTo6pa>Kenna 
bj^pj. 

Ho npe^nojioJKennio nnflyKn,HH roMOxonna orpannnennaa na Va 

Heno;i;BH>KHa na a, npnaeivi ji^jisi KajKfloro bj ;i;e(J)opMan;Ha /j_2 ^ fi-i na- 
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npaBJiena b TpancBepcajibHOM nanpaBJienHH k Ujj.^a h ee C^-KajinSp cyme- 
CTBGHHO npeBbimaeT 6i. 

OnpeflejiHM roMOTonnio // OKpecTHOCTH M", KaK peayjibTaT 6i- 

Majioii C^-fle(J)opMan,HH na Kaac^OH OKpecTHOCTH Va b nanpaBjienHH Kaca- 
TejibHoro npocTpaHCTBa k nponsBOJibHO BbiSpaHHOMy CTpaiy /3 rjiyGnHbi 
npHMbiKaiomeMy k a. FoMOTonHa f- CTpoHTca TaKJKe KaK npn i = 0. B pe- 
syjibTaTe tohkh caMonepeceneHHa sjieivieHTapHoro CTpaTa a^^^ coBna;i;aiOT c 
TOHKaMH TpoHHoro caMonepeceHeHHH SToro BJieMeHTapHoro CTpana npn ro- 
MOTonHH /_!. ripH 3T0M orpaHHHeHHe roMOTonHH fl Ha rpaHHn,y OKpecTHOCTH 
Va, B ^acTHOCTH, Ha rpaHHn,y d{aY^ n,eHTpajibHoro HOflMHorooSpasHH a C H.a 
CTpaTa a Heno;i;BH>KHO. 

Onpe^ejiHM roMOTonnio /j b peayjibTaTe npo^ojiJKeHHa roMOTonHH // 
HO o6n],eMy HOJio>KeHHio, 6jih3koh k tomotohkh c KOHCTanTOH C^- 

aHHpoKCHMan,HH 6i. SaMGTHM, HTO OTo6pa>KeHHe, onpe^ejieHHoe KaK peayjib- 

TaT rOMOTOHHH /j HpH t < 6i, HMeCT Ha Ka>KflOM SJieMGHTapHOM CTpaTG 

OKpecTHOCTH ocTOBa TJiyGnHbi He Menee i npocTpancTBa S^~''/i^^^ tomkh ca- 
MOHepeceneHHa, coBHa;i;aK)Hi;HMH c TOHKaiviH Tponnoro caMOHepeceHenna ro- 
MOTOHHH /_i KOTopaa 6bijia OHpe;i;ejieHa na Hpe;i;BapHTejibHOM mare koh- 
CTpyKn,HH. ToHKH, jie>Kan],He na cxpaiax rjiySnnbi i + 1 (h Bbime) hmcmt 
CTpyKxypy tohck caMOHepecenenHH o5n],ero BJ^^,a.. Hpn 3tom tohkh caMO- 
HepeceneHHa CTpaTOB paanoH rjiySnnbi, y OToSpajKenna, onpe^ejienHoro b 
peayjibTaTC roMOTonnn /j, BOo6iii;e roBopa, MoryT npncyTCTBOBaTb. 

^e(J)opMaii;Ha /, h, tcm caivibiM, nocjieflOBaTCJibHOCTb fle(|)opMa- 

n,HH (11281) . nocTpoena. Ha nocjie^HCM mare roMOxonna fr nepcBO^HTca b 
roMOTonHK) / o6m,ero nojio>KeHHa C^-MajiOH fle(J)opMan,HeH, npn^eM KajinGp 
5^+1 3T0H ;i;e(J)opMaii;HH cym;ecTBeHHO MeHbme 5^. 3Ta ;i;e(J)opMaii;Ha cocto- 
HT H3 flByx maroB. Ha nepBOM mare peayjibTaTOM fle4)opMaii;HH abJiacTca 
roMOTonna fi o6m;ero nojioaccHHa, ji^Jisi KOTopofl mhojkcctbo tohck caMone- 
peceneHHa KajK^oro ajieivieHTapHoro cxpaia coflep>KaTca b MHOJKecTBC to^ck 
caMonepece^CHHa SToro me sjieMeHTapHoro CTpaxa npn norpyjKCHHH 
To^KH caMonepece^CHHa CTpaxoB rjiySnnbi Sojibmeii io^max OTcyTCXByroT no 
cooSpajKCHHaM paaiviepHOCTH. Ha BTopoM mare fle(J)opMaii;HH tohkh nepece- 

HCHHa CTpaTOB paSHOH paSMCpHOCTH, KOTOpbie B03HHKJIH npH nOCTpOCEHH 
BHC OKpecTHOCTH TOHCK TpOHHOrO CaMOHepeCe^CHHa rOMOTOHHH BCpTH- 

KajibHO pacnpocKTHpyroTca b^ojib cjioa paccjioenna £3. YKaaaHHoe pacnpo- 
CKTHpoBaHHC B^ajiH OT TOHCK TpoHHoro caMonepece^CHHa KoppcKTHO onpe- 
flejiCHO, nocKOJibKyKaHOHHHecKoe ;i;ByjiHCTHoe naKpbiTHe na^i; nojinsflpoM to- 
HCK caMonepeceMCHHa MejKfly CTpaTaivin pasHofi rjiyGnHbi, ohcbhaho, Tpn- 
BHajibHO (napa to^ck b HaKpbiBaK)m;eM nojiHBflpe ecTecTBCHHO ynopaflonena 
SHaneHHeM rjiySnnbi CTpaTOb). 
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OTo6pa>KeHHe / onpe;i;ejiaeT hckomog OTo6pajKeHHe d (d) npn orpaHH^e- 

HHH Ha 5""Vi X {5r} (MP"-^ X {Sr}). 

Ho nocTpoeHHK) CTpaTH(|)HKan,HH (l65l ). p26p ^onycKaiOT ceMeiicTBO oto5- 
pa>KeHHfi t(^) : ^ (t^*) : W^^^J ^ RK^'^), < i < ima.fi b 

npocTpancTBa paapemeHHfl oco5eHHOCTeH. 

Bojiee Toro, nocTpoeHHoe ceMeiicTBO OToSpajKeHHii t*^*^ (t*^*^) CKJienBaeTca 
B OflHO OToSpajKeHHe t : Nko RKq {t : Nk^ RKq). 

rpaHHHHbie ycjiOBHa na Nq^diag, Nq^antidiag cjie;i;yiOT H3 rpaHHHHbix ycjio- 

BHH Ha W^'^jac,, ^Qlantidiagi nOCJIG^HHe Hpe^yCMaTpHBaiOTCa B JIgMMG EH 

JleMMa [30] ;i;0Ka3aHa. 
/^OKasaTejibCTBO JleMMbi 1311 

^OKaaaTejibCTBO anajiornHHO flOKaaaTejibCTBy JIgmmm [301 JleMMa [31] ;i;oKa- 
aana. 

4 MHoroo6pa3Ha c KBaxepHHOHHbiM ocHame- 

HHGM 

PaccMOTpHM rpynny Qq KBaTepHHonoB nopa^Ka 8. Onpe^ejieno npe^CTaBjie- 
HHe x+ '■ Qa SO{A)^ KOTopoe nepeBOflHT e^HHHHHbie KBaTepHHOHbi i,j,k 
B MaTpHii;bi ([20l) . f[2T|) . f[22l) cooTBeTCTBenno. 

HpeflCTaBJieHHe X- nepeBo;i;HT e;i;HHHHHbie KBaTepHHOHbi i,j,k b MaTpn- 

ii;bi 

/ 10 \ 
-10 
-1 
\ 1 / 

/ 1 \ 

-1 

-10 

\ 10 / 

/ 1 \ 

0-10 

10 

\ -1 / 
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(129) 



(130) 



(131) 



06pa3 rpynnbi KBaTepHHOHOB npn npe;i;cTaBJieHH5ix x+ ^ X- onpe;i;eji5iiOT 
TaKJKe noflrpynnbi b rpynne Z/2[3] c 0(4). SaMeTHTb, HTO BHemnee conpa- 
jKGHHe noflrpynnbi H C Z/2f^] na sjieivieHT h3 1^/2^^"^ \ H, aaflannbiH npe- 
o5pa30BaHHeM ei — > — ei, — ^> e^, 2 < i < 4, onpe^ejiaeT aBTOMop(|)H3M 
H ^ H, npH KOTopoM no^rpynna Imx+ nepexo^HT no^rpynny Imx- e^H- 

HHHHblX KBaTepHHOHOB B H, HpeflCTaBJIGHHe KOTOpOH 3aflaeTC5I MaTpHH;aMH 

([I29D,([I30D,([I3I]). 

Onpe^ejiena npaMaa cyMMa npe^CTaBjienHii X+ ® X- • Qa SO (A) © 
5*0(4) 5*0(8), 3T0 npe;i,CTaBjieHHe o6o3Ha^HM ^epe3 ip+-. Onpe;],ejieHO 
npe;i,CTaBjieHHe x+ © X+ • Qa — > 50(4) © 50(4) 50(8), KOTopoe o5o3Ha- 
HHM Hepe3 '?/'+,+ . 

OnpeflejieHbi CBo6o;i;Hbie fleflcTBHa : x 5'' ^ 5'', : x 5'^ ^5^, 
HOCTpoeHHbie HO HpeflCTaBJieHHaM ^+,+ , x+- CooTBeTCTByiOHi;ee (J)aKTopHpo- 
CTpancTBa Sy^eivi o6o3Ha^aTb ^epes 5''/Qa, S^/Qa- 

PaccMOTpHM oflHopoflHbie npocTpancTBa 5^/Qa, S^/Qa, onpeflejieHHbie 
KaK (|)aKTopHpocTpaHCTBa fleiicTBHH p7, ps. OnpeflejieHbi napa BeKTopnbix 
8- H napa BeKTopnbix 4-x Mepnbix paccjioeHna C++ : -E'(C++) — 5''/Qa, 
C+,- : EiC+,-) - 5VQ,, r^+ : E(7^+) ^ 57Q,; r/_ : E(;/_) ^ 57Q, 
CO CTpyKTypHoii rpynnoH Qq. HpH 3tom 8-MepHoe paccjioenna C+,- 
accon,HHpoBaHbi c npe^CTaBjieHHaMH ^/'+,+, ^+,- paccjioenna 7]+, accon,H- 

HpOBaHbl C npe^CTaBJieHHaMH %+, COOTBeTCTBGHHO. 

PaccMaTpHBaa KJieTOHHoe pa35HeHHe npocTpancTBa S'^/Qa, 3aKJiiOHaeM, 
HTO iJ^(5^/Qa; Z) = H-^i^S'^ /Qa] Z) = Z/8. Hpn btom o6pa3yioiii;aa t yKa3aH- 
HOH rpynnbi onpe^ejiena KaK o5pa3 (]3yn^aMenTajibnoro Kjiacca [5^/Qa] npn 

BJIO>KenHH 5^/Qa C 5''/Qa, KOTOpOG napaMeTpH3yeT 3-OCTOB C 5^/Qa. 

npe^jio:aceHHe 41. Uycmb - npouseoAbuoe opueHmupoeaHHoe saMKHy- 
moe MHOzoo6pa3ue, cma6uAbHoe HopMaAbHoe paccjioenue Komoposo U30- 
Mop4)HO paccAoeuuto /*(A;C+,+); / '■ ~^ S'^/Qa, s = 1 (mod 2). Tosda 
deg(/) = (mod 2). 

/^OKasaTejibCTBO IIpefljioaceHHH 1411 

SaMGTHM, HTO paccjioenne na^ 5^/Qa, nojiyneHHoe h3 fcC+,+ o6pain;eHHeM 
opHeHTan;HH, coBna^aeT c kC+-- PaccMOTpnivi opHeHTHpoBannoe (HecBa3Hoe) 
MHoroo5pa3He U —K^., c HopMajibHbiM paccjioenneM U /*^C+,-- 

/]^OKa>KeM, HTO B rpynne H^^S"^ /Qa] Z) c o6pa3yion];eH, o6o3nanennoH ne- 
pe3 t, cnpaBeflJiHBbi paBencTna: 

h(A;C+,+)]"^ = 4t, (132) 
[pi(A;C+,-)]°" = 0. (133) 
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CnaHajia flOKajKeivi paBencTBO (I132p npn k = 1. PaccjioeHne sBJiaeT- 
ca KOMnjieKCHbiM, cjieflOBaTejibHO, corjiacHO Cjie^CTBHio 15.5 h3 KHnrn [M-S] 
cnpaBe^jiHBO paBencTBo: 

Pi(C+,+) = c?(C+,+)-2c2(C+,+). (134) 

riocKOJibKy = 1]^ Q) ?7+, TO corjiacHO 4)opMyjie (14.7) C2(C+,+) = 

C2(r/+ ©^+) = £^(^7+) +2c2(?7+). HocKOJibKy KOMnjieKcnaa pasMepnocTb pac- 
cjioenna pabna 2, €2(77+) coBna;i;aeT c KJiaccoM Sfijiepa h paBen t. ^ajiee 
c^(?7+ © 77+) = 4c^(?7_,_). CyMMHpya flOKasannbie pabencTBa, c yneTOM 8t = 0, 
nojiy^HM Pi(C+,+) = 2c?(?7+) + 4t. 
OcTajiocb ;],0Ka3aTb, hto 

c?(r7+) = 0. (135) 

CnpaBe;],jiHBO paBencTBO i*{ci{ri+j) = 0, r;i,e i : S^/Qa C S'^/Qa ecTe- 
CTBGHHoe Bjio>KeHHe, nocKOJibKy paccjioeHHe i*{ri+) TpHBHajibHO. FoMOMop- 

(i)H3M 

aBJiaeTca mohomop(|)H3mom, noBTOMy Ci(r7+) = 0. PaBencTBO (jl35l) h paBen- 
CTBO (11321) npH k = 1 ;i;oKa3aHbi. 

JJoKameu paBencTBO (11331) npn k = 1. PaccjioeHHe (^-^-^- sBjiaeTca kom- 
njiGKCHbiM, cjie^OBaTejibHO, no anajiorHHRbiM Bbi^HCJieHHaM: 

Pi(C+,^) = c?(C+,-)-2c2(C+,^). (136) 

riocKOJibKy C+ _ = r]+ Q) r]_, to C2{r]+ © r]_) = Ci(?7+)ci(?7_) + 02(77+) + 
€2(1]-). B nocjieflHeii 4)opMyjie Bxopoe h xpeTbe cjiaraeivibie coKpamaiOT- 
ca, nocKOJibKy siijiepoBbi KJiaccbi paccjioenHii 77+ , rj^ npoTHBonojiojKHbi no 
3naKy. Anajiornnno npe^bi^ynteMy Bbi^ncjiennio, HMeeM c^(?]_|_ © ?]_) = 
cl{rj+) + cl{r]^) + 2ci (77+ )ci (?]_). CyMMnpya ;i,0Ka3annbie panencTBa, nojiy- 
™m Pi(C+_) = 0^(77+) + cf(r7_). OcTaeTca 3aMeTHTb, ^to c^(?7-) = no 
anajiorHHEbiM c (11351) BbinncjiennaM. PaBencTBO (11331) npn k = 1 ;i;oKa3aHO. 

/]|oKa>KeM (11321) . (I133p npn npoH3BOJibHOM neneTHOM k. CnaHajia ;i;o- 
KajKGM, hto y KOMnjieKCHbix paccjioennn 2Z(^+ _|_, 2l(^^_ xapaKTepncTHne- 
CKHH Kjiacc Ci panen nyjiio, a 02(2/^+^+) = C2(2/(^+^+) = Alt. HocKOJibKy 
2/^+_i_ = 4/?7+, TO corjiacno 4)opMyjie (14.7) c yneTOM panencTna 0135^ . 
nojiy^HM: C2(2/(^+_|_) = C2(4/?7_|_) = 4/c2(?7+) = 4/t. AnajiornHHO nojiy^HM 
C2(2/C+_) = Alt. PaBGHCTBa (I132p . (11330 BbiTCKaiOT h3 ypaBHennn (11340 . 

(HHED. ' 

PaccMOTpHM OTo6pa>KenHe F = / U / : U — i^'' — * S'^/Qa opnen- 
THponannoro (necBa3noro Mnoroo6pa3Ha) . Ho nocTpoennio OTo5pa>KenHe F 
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opneHTHpoBaHHO SopflaHTHO HyjiK). C flpyroii CTopoHbi, xapaKTepncTHHecKoe 

HHCJIO 

coxpaHfleTCfl npn Ko6opflH3Me. 3to ^hcjio paBHO nyjiio, npn def{f) = 
(mod 2), H paBHO 0, npn deg{f) = 1 (mod 2). Hpe^jiOKeHHe [4T] ^OKaaaHO. 



ripH flOKaaaTejibCTBe TeopeMbi 5 6bijio HcnojibaoBaHO cjie^yiomee Hpe^- 
jiojKeHHe. 

06o3HaHHM nepea Z/2t^l rpynny, nojiyHeHHyio b peayjibTaie s-KpaTHoro 
cnjieTeHHfl sjieMeHTapHoii rpynnbi Z/2, KOTopaa onpe;],ejifleTCfl aHajiorHHHO 
cjiy^aio s = 3. OSoanaMHM Hepea to : E{uj) K{'L/2^^\ 1) - ynHBepcajibnoe 
2'^~^-MepHoe paccjioeHHe co CTpyKTypHofi rpynnoii Z/2W. 

npe^jio:aceHHe 42. Uycmh K - npouaeoAtHuu nojiuadp pasMepHocmu 
dim{K) = 7, CHaCMceuHuil omo6pacHceHueM Lp : K ^ _ft'(Z/2W,l) u nycmt> 
ip*{uj) - o6pamHuu o6pa3 paccAoenuM u npu omo6paotceHuu ip. Tosda Sam aw- 
6o20 HamypaAhHozo hucag 1,1 = (mod 8) paccAoenue l(p*{uj) usoMop^HO 
mpueuaAhHOMy. 

/^OKaaaTejibCTBO npe^jio:a<;eHHa 1421 

06o3HaHHM paccjioeHHe l({)*{uj) nepea ips- /IoKa>KeM yTBep>KfleHHe no HH^yK- 
n,HH. Hpn s = 1 yTBepjK^eHHe xopomo nsBecTHO. 

BocnojibsyeMCfl tgm, ^to paccjioenHe V's-i) s > 1, TpHBnajibHO. /JoKa- 

JKGM, HTO paccjioeHHe ifjs TpHBHajIbHO. PaCCMOTpHM flByjIHCTHOC HaRpblTHC 

K K, HHflyn;HpoBaHHoe HOflrpynHoii HEflCKca 2 Z/2l'*~^l © Z/2[*~^l C 
Z/2W. PaccMOTpHM paccjioenne i/j^ na;], K, onpe;],ejieHHoe KaK TpanccJ^ep pac- 
cjioeHHfl Z/2W. CnpaBCflJiHBa (|)opMyjia ip[ = ips-i,! © "^5-1,2, npaMbie 
cjiaracMbie ijjs-i,!, cyTb paccjiocHHH na;], K c MCHbiuHMH CTpyKTyp- 

HbiMH rpynnaMH. 3th paccjioenna H30Mop(|)Hbi MejK^iy coSoli, npHHCM h30- 
Mop(J)H3M ocymecTBJiacTca HHBOJiioii;HeH HaKpbiTHa K. Ylo npe;i;nojio>KeHHio 
HHflyKii;HH paccjiocHHa ips-i^i, TpHBnajibHbi. CjieflOBaTCJibHO, ^Jia pac- 

cjioeHHH aaji, K cnpaBe;],JiHBO paBcncTBO ips = /2'*~^k©/2^~^£, r;i,e n - jihhch- 
Hoe paccjioenne, KjiacH(J)Hn,Hpyiomee naKpbiTHe K ^ K, e - TpHBnajibHoe 
paccjioenne. Paccjioenne Ik h, tcm 6ojiee, paccjioenne 12^~'^k, TpHBnajibHO, 
cjieflOBaTCJibHO, paccjiocHne ipg TpHBnajibHO. npe^jioaceHHe [l2] j;oKa3aHO. 
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